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Abstract
In this paper we investigate the geometry of the Dwork pencil in any
dimension. More specifically, we study the automorphism group G of
the generic fiber of the pencil over the complex projective line, and the
quotients of it by various subgroups of G. In particular, we compute
the Hodge numbers of these quotients via orbifold cohomology.
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1 Introduction
The investigation of Calabi–Yau varieties is motivated by their relevance
in the classification of varieties with trivial canonical bundle (as shown by
the Bogomolov Decomposition Theorem) as well as in mirror symmetry. In
dimension one, Calabi–Yau varieties are elliptic curves and everything is
known on the moduli space and the automorphism groups of these curves.
In dimension two, Calabi–Yau varieties are K3 surfaces and several results
on the automorphism groups are known, but a complete classification of
the families of K3 surfaces having a given automorphism group is far from
being completely understood. In higher dimension, very few results on the
automorphisms are known.
If G is a finite group of automorphisms of a Calabi–Yau variety V , and
the quotient V/G has a desingularization which is a Calabi–Yau variety,
then every element in G acts trivially on the period of V . Vice versa, if
every element in a finite group G ⊂ Aut(V ) preserves the period of V ,
under certain assumptions the quotient V/G has a desingularization which
is a Calabi–Yau variety. In particular, if the dimension of V is dim(V ) ≤ 3,
then V/G always has a desingularization which is a Calabi–Yau variety (see,
for instance, [BKR]). This allows one to obtain a family of Calabi–Yau
varieties from another one (e.g., by taking the quotient) and in certain cases
the two families are mirror: see, for instance, [B1]. This is indeed one of
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the most classical construction of two mirror families of Calabi–Yau 3-folds.
Let F be the family of all quintics in P4, and let X5λ be a special subfamily,
which admits a certain group, H4 ≃ (Z/5Z)3, as a group of automorphisms
preserving the period. The one-dimensional family of Calabi–Yau 3-folds
Y 5λ obtained by desingularizing X
5
λ/H4 is the mirror of X
5
λ. The family X
5
λ
is known as ”the Dwork pencil”: see, for instance, [COGP].
Similarly, one can consider the one-dimensional subfamily Xn+1λ of the
family of Calabi–Yau (n − 1)-folds which are hypersurfaces of degree n + 1
in Pn such that Xn+1λ admits a certain group Hn ≃ (Z/(n + 1)Z)n−1 as
a group of automorphisms preserving the period. It turns out that Xn+1λ
is V (
∑n+1
i=1 x
n+1
i − (n + 1)λ
∏n+1
i=1 xi) and it is immediate to show that the
group of automorphisms of Xn+1λ which preserves the period is greater than
Hn and is in fact An+1 ⋊ Hn. If the dimension of X
n+1
λ is either 1 or 2,
this phenomenon is better known and more general; indeed, every elliptic
curve admits A3 ⋊H2 ≃ (Z/3Z)2 as a group of automorphisms preserving
the period. Moreover, every K3 surface with H3 := (Z/4Z)2 as a group of
automorphisms preserving the period has also the group A4⋊H3 as a group
of automorphisms preserving the period.
The aim of this paper is to describe the automorphisms and the quotients
of the family Xn+1λ in every dimension. In Section 2 we introduce the Dwork
pencil, i.e., the Calabi–Yau (n−1)-folds Xn+1λ . Section 3 is the fundamental
part of our paper, where we give the automorphism group of the family Xn+1λ
(and of some of its special members), and we describe several quotients. In
particular, we observe that the automorphism group of the abstract variety
and of the embedded variety Xn+1λ coincides if and only if n > 3. The
automorphism group of the embedded Xn+1λ is Sn+1⋊Hn and its subgroup
An+1 ⋊Hn preserves the period.
Given the automorphism group, a very natural problem is to describe
the quotient varieties: sections 3.1, 3.2, 3.3 and 3.4 are devoted to the de-
scription of Xn+1λ /Sn+1 and X
n+1
λ /An+1, of X
n+1
λ /Hn, of X
n+1
λ /Sn+1⋊Hn
and Xn+1λ /An+1⋊Hn and X
n+1
λ /τ , where τ is an involution which does not
preserve the period. In Section 3.1, we write the equations of Xn+1λ /Sn+1
and Xn+1λ /An+1 as singular subvarieties of weighted projective space. The
orbifold Xn+1λ /An+1 is a Calabi–Yau orbifold and it admits a desingular-
ization which is a smooth Calabi–Yau if and only if the dimension is less
than or equal to 3. In Section 3.2, we describe the very classical quotient
Xn+1λ /Hn which is a singular orbifold which has a Calabi–Yau variety, Y
n+1
λ ,
as resolution. We observe that if n > 4, the two quotients Xn+1λ /An+1 and
Xn+1λ /Hn are examples of two opposite situations: in both cases they are
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quotient of a Calabi–Yau variety by a group of automorphisms preserving
the period, but in the first case the quotient can not be desingularized to a
Calabi–Yau variety, and in the second case it admits a Calabi–Yau variety
as a desingularization.
Sections 4 and 5 are devoted to the particular cases of dimension 2 and
3, respectively. In Section 4 we describe the Ne´ron–Severi group of X4λ and
of certain special members. We use this description in order to find two
lattices, called ΩA4 , ΩS4 , which are related to the presence of the groups
A4 and S4 as group of automorphisms which preserve the period on a K3
surface. The quotient surfaces X4λ/A4, X
4
λ/H3, X
4
λ/(A4⋊H3) are described
in Proposition 3.7, Section 3.2.2 and Section 3.3.2, respectively.
In Section 5, we consider the quotient of X5λ by some subgroups of the
automorphism group S5⋊H4 . First, we give some preliminary and general
results on the quotient of a Calabai–Yau 3-fold by automorphisms preserving
the period and, after that, we compute the Hodge numbers of a Calabi–
Yau desingularization of X5λ/J , where J ⊂ A5 ⋊ H4. The results of this
Section are of a different type with respect to the ones of Section 3. Indeed,
in Section 3, we give a geometrical description of the quotient; here we
compute the Hodge numbers of the quotient via orbifold cohomology and
without providing a geometrical construction.
2 The Dwork Pencil Xn+1λ
In this section, we recall the definition of the Dwork pencil. Let n ≥ 2
be a positive integer. Denote by Xn+1λ the zero locus Z(F
n+1
λ ) in complex
projective space Pn, where
Fn+1λ :=
n+1∑
i=1
xn+1i − (n + 1)λ
n+1∏
j=1
xj ∈ C[x1, . . . , xn+1],
and λ is a complex number. To begin with, we investigate singularities of
Xn+1λ . From now on, ξs is a primitive s-th root of unity.
Proposition 2.1. i) The algebraic variety Xn+1λ is smooth for any λ such
that λn+1 6= 1.
ii) For λ such that λn+1 = 1, the variety Xn+1λ has (n + 1)
n−1 ordinary
double points. For λ = ξrn+1 the singular points are given by(ξi1n+1 : . . . : ξinn+1 : 1) :∑
j
ij ≡ −r mod (n+ 1)
 . (2.1)
4
Proof. i) The Jacobian ideal is given by(n+ 1)xn1 − (n+ 1)λ∏
j 6=1
xj, . . . , (n + 1)x
n
n+1 − (n + 1)λ
n∏
j=1
xj
 .
After multiplying the equation xnk − λ
∏
j 6=k xj = 0 by xk for k =
1, 2, . . . , n+ 1, we obtain the following identity:∏
k
xn+1k = λ
n+1
∏
k
xn+1k . (2.2)
If one of the coordinates xj is zero, and the first order partial derivatives
are zero, all coordinates are zero. Thus, (2.2) yields λn+1 = 1.
ii) As noticed before, xn+1 can not be zero. Set xn+1 = 1, so the equation
xnn+1 − λx1 · · · xn = 0 yields x1 · · · xn = 1/λ for λ 6= 0. By plugging in the
other equations (given by the first order partial derivatives), we get xn+1k = 1
for any k = 1, · · · , n. In other words, xk = ξikn+1 for some ik ∈ Z/(n + 1)Z.
Since x1 . . . xn = ξ
−r
n+1 has to be satisfied, (2.1) is proved. Notice that there
exist transformations which map the nodes one onto the other. In fact,
if P = (ξi1n+1, ξ
i2
n+1, . . . , 1) and Q = (ξ
j1
n+1, . . . , 1) are two nodes, the map
yk = ξ
jk−ik
n+1 xk for k = 1, . . . , n and yn+1 = xn+1 will do. Thus, it suffices to
study the type of the singularity of (1, 1, 1, . . . , 1). This is done in [Sc2].
Remark 2.2. For λn+1 6= 1 the varieties Xn+1λ are smooth hypersurfaces
of degree n+ 1 in Pn, hence they are Calabi-Yau manifolds.
2.1 The Hodge Numbers of Xn+1λ
Let S be a smooth hypersurface in Pm+1 of degree d. By the Lefschetz
Hyperplane Theorem, we deduce that hi(S) = 1 for even i such that 0 ≤
i ≤ 2m and i 6= m, as well as hi(S) = 0 for odd i and i 6= m. More precisely,
by the Hodge decomposition of H i(S,C) for 0 ≤ i ≤ 2m and i 6= m, the
group H i/2,i/2(S,C) is isomorphic to C for even i 6= m. Thus, all the other
Hodge groups of weight i 6= m are trivial.
In order to compute the Hodge diamond of S, it suffices to find the
Hodge decomposition of the middle cohomology. This can be done by the
following well known formula, due to Griffiths (see, for instance, [V1]):
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Hp,m−p0 (S) = (C[x1, . . . xm+2]/JF )d(p+1)−(m+2) , (2.3)
where S = V (F ) and Hp,m−p0 (S) is the primitive cohomology. We recall
that hp,m−p0 (S) = h
p,m−p(S) for every p and any odd m. If m is even, then
hp,m−p0 (S) = h
p,m−p(S) for p 6= m/2 and hp,m−p0 (S) = hp,m−p(S) − 1 for
p = m/2. If we are interested in the Betti numbers (and not in the Hodge
ones), the computation is certainly easier: indeed, it is well known that the
Euler characteristic of S is given by
e(S) =
m∑
k=0
(−1)kdk+1
(
m+ 2
m− k
)
. (2.4)
Therefore, we have
hm(S) = (m+ 1)− e(S) if m is odd, (2.5)
hm(S) = e(S)−m if m is even. (2.6)
Example. For n = 3, the variety X4λ is a K3 surface and its Hodge numbers
are uniquely determined by this property:
h0,0 = h2,0 = h2,2 = 1, h1,0 = 0, h1,1 = 20.
Also, the Hodge numbers can be computed explicitily because X4λ is
a Calabi-Yau variety, so one has to compute h1,1. By (2.4), the Euler
characteristic is e(X4λ) = 24; hence, h
2(X4λ) = 22 by (2.5), which yields
h1,1(X4λ) = 20.
For n = 4, it suffices to compute the Hodge numbers of the middle
cohomology for the Hodge diamond of X5λ. The only numbers one has to
determine are h2,1 and h1,2, which coincide. Again, it suffices to apply
Formulae 2.4 and 2.5 in order to conclude that h2,1 = 101.
For n = 5, it suffices to calculate the Hodge numbers h3,1 and h2,2. By
(2.4) and (2.5), we obtain e(X6λ) = 2610 and h
4(X6λ) = 2606, so one has
h3,1(X6λ) + h
2,2(X6λ) + h
1,3(X6λ) = 2604,
which is not enough to determine the whole Hodge diamond. For this pur-
pose, we apply Formula 2.3. Since all the hypersurfaces of a given dimension
and degree have the same Hodge numbers, we can chose F to be the polyno-
mial
∑6
i=1 x
6
i ; hence the Jacobian ideal is generated by x
5
i for i = 1, . . . , 6.
This implies that
h1,3(X6λ) = dim
((
C[x1, . . . x6]/(x
5
1, . . . x
5
6)
)
6
)
.
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Now, it is clear that the space
(
C[x1, . . . x6]/(x51, . . . x
5
6)
)
6
is generated
by the monomials
∏6
i=1 x
αi
i such that
∑6
i=1 αi = 6 and αi < 5 for each
i = 1, . . . 6. The dimension of this space is
(6+5
6
)− 62 = 426. Hence, the non
trivial Hodge numbers of X6λ are
h0,0 = h1,1 = h4,0 = h0,4 = 1, h3,1 = h1,3 = 426, h2,2 = 1752.
Remark 2.3. More generally, let V be a smooth hypersurface of degree
m+2 in Pm+1 (i.e., a Calabi–Yau hypersurface). By the same arguments as
before, i.e., by Formula 2.3 and by choosing F to be the Fermat polynomial,
the following holds:
h1,m−2 =
(
2m+ 3
m+ 2
)
− (m+ 2)2,
which is the dimension of the family of Calabi–Yau manifolds that are hy-
persurfaces of degree m+ 2 in Pm+1.
3 The Automorphism Group of Xn+1λ
Let us recall that a Calabi-Yau manifold V of complex dimension n−1 admits
a nowhere vanishing holomorphic (n−1)-form, i.e., Hn−1,0(V ) = 〈ωV 〉, which
is called the period of V .
Let us consider the following action of (Z/(n + 1)Z)n−1 on Pn. Denote
by ξn+1 a primitive (n+1)-th root of unity and define automorphisms of Pn
as follows:
h(a1,...,an+1)(x1 : . . . : xn+1) := (ξ
a1
n+1x1 : . . . : ξ
an+1
n+1 xn+1).
Consider the finite group
Hn = 〈h1 := h(1,−1,...,0), . . . , hn−1 := h(1,0,...,−1,0)〉 ∼= (Z/(n+ 1)Z)n−1 .
(3.1)
We notice that Hn is the subgroup of the group generated by the automor-
phisms h(a1,...an+1) obtained requiring a1 = 1 and
∑
i ai ≡ 0 mod (n+ 1).
Now, fix a generic λ ∈ C.
Proposition 3.1. The family Xn+1λ is the family of the hypersurfaces of
degree n+1 in Pn which admit the group Hn as a group of automorphisms.
The automorphisms of Hn fix the period of X
n+1
λ .
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Proof. If a hypersurface of degree n + 1 in Pn admits Hn as group of auto-
morphisms, then it is a member of the family
n+1∑
i1
αix
n
i + β
n+1∏
i=1
xi = 0. (3.2)
The equation depends on n + 2 parameters. The automorphisms of Pn
commuting with those of Hn belong to the group GL(1)
n/GL(1). Hence,
this family has (n+2−1)− (n+1−1) = 1 moduli. Up to a projectivity, we
can assume that the hypersurfaces in (3.2) have the equation
∑n+1
i=1 x
n+1
i −
λ
∏n+1
i=1 xi = 0 - it suffices to consider the projectivity diag(1/α
1/n+1
i ). This
is the equation of the family Xn+1λ .
The holomorphic (n − 1)-form of a hypersurface of Pn with equation
Fn+1 = 0 is given by
Res
(∑n
i=1(−1)ixidx1 ∧ dx2 ∧ . . . ∧ ˆdxi ∧ . . . ∧ dxn)
Fn+1
)
. (3.3)
Since the equation defining Xn+1λ is invariant under Hn, the automorphisms
in Hn fix the period of X
n+1
λ .
By Proposition 3.1, the hypersurfacesXn+1λ are characterized by the fact
that they admitHn as a group of automorphisms fixing the period. The next
proposition shows that they in fact admit a larger group of automorphisms,
i.e., the hypersurfaces of degree n + 1 in Pn having Hn ≃ (Z/(n + 1)Z)n−1
as a group of automorphisms also have the group Sn+1 as a group of auto-
morphisms, and in particular An+1 (the alternating group of degree n + 1)
as a group of automorphisms fixing the period.
Proposition 3.2. If n ≥ 4 and λ is generic, then Sn+1 ⋊Hn is the auto-
morphism group of the abstract variety Xn+1λ and An+1⋊Hn is the subgroup
fixing the period of Xn+1λ .
If n = 2, 3 and λ is generic, then Sn+1 ⋊ Hn ⊂ Aut(Xnλ ) is the subgroup
of the automorphism group fixing the polarization which embeds Xn+1λ in P
n
as the zero locus Z(Fn+1λ ). Moreover, its subgroup An+1⋊Hn acts on X
n+1
λ
fixing the period.
Proof. Let σ ∈ Sn+1. Then σ defines the projectivity
σPn+1 : (x1 : . . . : xn+1)→ (xσ(1) : . . . : xσ(n+1)).
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The equation of Xn+1λ is invariant under the action of Sn+1 and the form
defined in (3.3) is invariant under An+1.
Let G be the group of automorphisms of Xn+1λ , which preserve the embed-
ding - given by the polarization - ofXn+1λ in P
n. If we restrict to a hyperplane
and apply known results in [SK], the group G is isomorphic to the semidirect
product of the symmetric group Sn+1 and the group Hn ∼= (Z/(n+1)Z)n−1,
where Hn is normal in the semidirect product. Thus, the following exact
sequence holds:
1→ An+1 ⋊Hn → Sn+1 ⋊Hn →< τ >→ 1,
where τ is the transposition of the coordinates that swaps x1 and x2. Clearly,
τ does not preserve the period of Xn+1λ . The subgroup An+1 ⋊ Hn is the
group of automorphisms which preserve the period of Xn+1λ .
If n ≥ 4, H1,1(Xnλ ) ≃ C and Pic(Xnλ ) ≃ 〈H〉 for a certain ample line bundle
H. Since an automorphism of the abstract variety Xn+1λ maps an ample line
bundle - with a given self intersection - to an ample line bundle with the
same self intersection, every automorphism of Xn+1λ sends H to H, and thus
preserves the polarization associated to the embedding of Xn+1λ in P
n.
Remark 3.3. Clearly, if n = 2 the automorphism group is greater then S3⋊
H3, since X
3
λ is an elliptic curve defined over C and thus its automorphism
group is infinite. Similarly the automorphism group of X4λ is greater then
S4 ⋊H4, and in fact it is infinite. This follows from [Ko, Theorem]. Let G
be one of the following groups: {1}, Z/2Z, (Z/2Z)2, S3 × Z/2Z and let S
be a K3 surface with a finite automorphism group Aut(X). Then Aut(X)
is either one of the groups G or a cyclic extension of one of the groups G.
Since S4 ⋊H4 is neither a group G nor a cyclic extension of G, the group
Aut(X4λ) is infinite.
Remark 3.4. For specific values of λ the automorphism group of the ab-
stract variety Xn+1λ might be greater then Sn ⋊Hn, also for n ≥ 4. For ex-
ample, if λ = 0, the group (Z/(n+1)Z)n(⊃ Hn) generated by the h(a1,...an+1)
such that a1 = 1, is a group of automorphisms of X
n+1
0 . In this case, also
the automorphism group preserving the period might be larger. For example,
if λ = 0 and n ≡ 1 mod 2, then Sn+1 is a subgroup of the automorphism
group fixing the period: indeed, the composition of τ and h(0,0,0,...−1) is an
automorphism of Xn+10 preserving the form (3.3)
We observe that the family of hypersurfaces of degree n + 1 in Pn ad-
mitting Sn+1 as a group of automorphisms and the one of hypersurfaces
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of degree n + 1 in Pn admitting Hn ≃ (Z/(n + 1)Z)n−1 as a group of au-
tomorphisms are not the same, in particular the former specializes to the
latter. Indeed, the family of hypersurfaces of degree n + 1 in Pn admitting
Sn+1 as a group of automorphisms is constructed as zeros of a homogeneous
symmetric polynomial f(x1 : . . . : xn+1) of degree n+1. In particular, f can
be written as a linear combination of p(n + 1) linearly independent terms,
where p(n + 1) is the partition function of n + 1. It is well known that
p(n + 1) ≥ (n + 1), hence the polynomial f depends at least on (n + 1)
parameters. The group of projectivities commuting with Sn+1 is made up
of the matrices of the form A = [ai,j ], where ai,j = 1 if i 6= j, and ai,i = c
with c ∈ C. This implies that the family of hypersurfaces of degree n + 1
in Pn admitting Sn+1 as a group of automorphisms depends at least on
(n + 1) − 1 − 1 = n − 1 parameters. For each n > 2, this family is bigger
then the family of hypersurfaces of degree n + 1 in Pn admitting Hn as a
group of automorphisms. Therefore, they cannot coincide.
Notably, the quotient of a Calabi–Yau variety by a finite group which pre-
serves the period may admit a desingularization which is a smooth Calabi–
Yau variety. In fact, the desingularization certainly exists if the dimension of
the Calabi–Yau is less than 4. On the contrary, the quotient of a Calabi–Yau
variety, which does not preserve the period, can not have a desingulariza-
tion which is a Calabi–Yau variety, because it does not have any top-degree
holomorphic form.
3.1 The Quotient by Sn+1 and An+1
The group Sn+1 acts on X
n+1
λ via permutation of the coordinates and its
subgroup An+1 acts on X
n+1
λ by preserving the period: see Proposition 3.2.
Here we consider the quotient of Xn+1λ by these groups. Note that λ is
generic.
Recall that the quotient of projective space Pn by Sn+1 is isomorphic
to WPn(1, 2, . . . , n + 1). The coordinates in WPn(1, 2, . . . , n + 1) are given
by weighted homogeneous variables ei of weight i, respectively, which are
the symmetric function of degree i in the variables xj, j = 1, . . . n + 1.
Let wn+1 be a variable of weight
n(n+1)
2 and denote by WP
n+1(1, 2, . . . , n+
1, n(n+1)2 ) the weighted projective space with weighted homogeneous coor-
dinates [e1, . . . , en+1, wn+1]. Let
π : WPn+1
(
1, 2, . . . , n+ 1,
n(n+ 1)
2
)
→WPn(1, 2, . . . , n+ 1)
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be the projection onto the first n+ 1 coordinates. Let
An+1 :=
{
[e1, . . . , en, en+1, wn+1] ∈WPn+1
(
1, 2, . . . , n+ 1,
n(n+ 1)
2
)
: w2n+1 − θn+1wn+1 −∆n+1 = 0
}
,
where θn+1 and ∆n+1 are the symmetric polynomials
∏
1≤i<j≤n+1
(xi + xj),
1
4
 ∏
1≤i<j≤n+1
(xi − xj)2 −
∏
1≤i<j≤n+1
(xi + xj)
2
 ,
respectively. Note that the discriminant hypersurface is given by∏
1≤i<j≤n+1
(xi − xj)2 = det(Mn+1) =: V 2, (3.4)
where
Mn+1 :=

n+ 1 ψ1 ψ2 . . . ψn
ψ1 ψ2 ψ3 . . . ψn+1
ψ2 ψ3 ψ4 . . . ψn+2
...
...
...
...
...
ψn ψn+1 ψn+2 . . . ψ2n
 ,
(see, for instance, [PR]), where ψj are the Newton power sums. As well
known, An+1 is isomorphic to Pn/An+1. Clearly, the projection π restricted
to An+1 is a degree 2 map onto WPn(1, 2, . . . , n+ 1).
The image of Xn+1λ in P
n/Sn+1 is given by ψn+1 − (n + 1)λen+1. This
hypersurface Sn+1λ is an orbifold inWP
n(1, 2, . . . , n+1) for any n ≥ 3. Since
the size of the symmetric group is quite large, it is more convenient to study
the singularities of Sn+1λ in another way. First, recall that the singular locus
Σn+1 of WPn(1, 2, . . . , n+ 1) is the union of Singp for any prime p, where
Singp := {[e1, . . . en+1] : ej = 0 for p 6 |j} .
If Sn+1λ is quasi-smooth and well-formed, then the singular locus of S
n+1
λ
is the intersection of Σn+1 and S
n+1
λ . The hypersurface S
n+1
λ is quasi-
smooth because the derivative with respect to en+1 does not vanish. Indeed,
the power sum ψn+1 is given by en+1 and other terms. This means that the
derivative of ψn+1 − (n + 1)λen+1 with respect to en+1 is different from
0 for generic λ. Now, we show that Sn+1λ is also well-formed. For any
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prime p and any quasi-smooth weighted complete intersection Xd1,...,dc in
WPn(a1, . . . , an, an+1) set
m(p) := |{i : p|ai}|, k(p) := |{i : p|di}|, q(p) := n− c+ 1−m(p) + k(p).
As proved in [Di], Xd1,...,dc is well-formed if and only if q(p) ≥ 2 for all
primes p. In our case c = 1 and ai = i for i = 1, . . . , n+ 1.
Lemma 3.5. The quasi-smooth hypersurface Sn+1λ in WP
n(1, 2, . . . , n+ 1)
is well-formed if and only if n ≥ 5.
Proof. Set n+1 = sp+ r, where 0 ≤ r < p. Then q(p) = n− 1−⌋n+1p ⌊+ε =
sp+ r− 2− s+ ε, where ε is 1 if p|(n+1) and 0 otherwise. If p = 2, we get
q(2) = s− 1 which is greater than or equal to 2 if and only if n ≥ 5. As for
the other primes, an analogous computation yields the desired result.
Take now the subvariety T n+1λ in WP
n+1
(
1, 2, . . . , n+ 1, n(n+1)2
)
given
by the equations
w2n+1 − wn+1θn+1 −∆n+1 = 0, ψn+1 − (n+ 1)λen+1 = 0. (3.5)
Lemma 3.6. Let n ≥ 5. The quotient Xn+1λ /An+1 is a Calabi-Yau orbifold
in WPn
(
1, 2, . . . , n+ 1, n(n+1)2
)
, which is isomorphic to T n+1λ . Moreover,
T n+1λ is a degree 2 covering of S
n+1
λ .
Proof. Clearly, T n+1λ is isomorphic to the quotient X
n+1
λ /An+1and is a cov-
ering of Sn+1λ . Moreover, T
n+1
λ is quasi-smooth and well-formed. The for-
mer claim can be proved as follows. Take the derivative 2wn+1 − θn+1 of
w2n+1 − wn+1θn+1 − ∆n+1 with respect to wn+1. If this derivative is non
zero at a point p, then the Jacobian of (3.5) has a two by two minor that
is non zero at p, namely the minor corresponding to the derivatives with
respect to wn+1 and en+1. Assume, now, 2wn+1 − θn+1 = 0. The derivative
2wn+1− θn+1 of w2n+1−wn+1θn+1−∆n+1 with respect to ej equals −14 ∂V
2
∂ej
,
where V 2 = det(Mn+1). We must prove that for a point q in the quotient
such that 2wn+1 − θn+1 = 0, the matrix
J :=
(
0 −14 ∂V
2
∂e1
. . . −14 ∂V
2
∂en+1
0 −14 ∂(ψn+1−(n+1)λen+1)∂e1 . . .
∂(ψn+1−(n+1)λen+1)
∂en+1
)
has a two by two minor different from zero. On the contrary, suppose that
all minors are zero. In particular, this implies that
∂V 2
∂en
= µ
∂V 2
∂en+1
,
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∂((ψn+1 − (n + 1)λen+1)
∂en
= µ
∂((ψn+1 − (n+ 1)λen+1)
∂en+1
.
Passing to the variables ψn and ψn+1, we have
∂V 2
∂ψn
=
∑
k≥1
ψk1Fk(ψ2, . . . , ψn+1).
As readily checked, the polynomial V 2 contains the term ψn+1n : its
derivative with respect to ψn is not a multiple of ψ
k
1 for some k ≥ 1. This
means that the minor corresponding to the variables en, en+1 can not be
zero. This shows that T n+1λ is quasi-smooth.
Analogously to Lemma 3.5, one can prove that T n+1λ is well-formed.
The canonical sheaf of T n+1λ is trivial since the sum of the weights of pro-
jective space equals the sum of the degrees of the equations defining T n+1λ .
By Proposition 4.1.3 in [CK], it suffices to show that the singularities of
Xn+1λ /An+1 are canonical. In fact, they are normal because they are finite
quotient singularities. Furthermore, they are Gorenstein. Since the action
of An+1 preserves the period, any element of An+1 corresponds to an el-
ement in SL(n,C). By [Di], Proposition 2, the singularities of T n+1λ are
those of the ambient weighted projective space. These are canonical since
Gorenstein toric varieties have at worst canonical singularities. The Hodge
numbers h0,j - for 0 < j < n− 2 - of the quotient are easily seen to be zero.
Thus, the claim follows.
For n = 3, 4 the singularities of Sn+1λ and T
n+1
λ must be computed di-
rectly. First, let us focus on the case n = 3.
Proposition 3.7. If λ4 6= 1, the surface X4λ/S4 has 5 singular points of type
A2 and 3 singular points of type A1 and the surface X
4
λ/A4 has 6 singular
points of type A2 and 4 singular points of type A1.
If λ4 = 1, the surface X4λ/S4 has 5 singular points of type A2 and 6 singular
points of type A1 and the surface X
4
λ/A4 has 6 singular points of type A2
and 8 singular points of type A1.
Proof. To describe the singularities of X4λ/S4 (resp. of X
4
λ/A4) we consider
the orbit of the points of X4λ with a non trivial stabilizer with respect to S4
(resp. A4).
Let us consider the action of A4. There are 6 orbits of points with stabilizer
isomorphic to Z/3Z, the orbits of the points pi = (1 : 1 : 1 : αi) i = 1, 2, 3, 4
with αi such that 4α
4
i + 4λαi + 3 = 0, of p5 = (1 : ξ3 : ξ
2
3 : 0) and of
p6 = (1 : ξ
2
3 : ξ3 : 0) and 4 orbits of points with stabilizer isomorphic to Z/2Z,
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the orbits of the points q1 = (
√
γ :
√
γ : 1 : 1), q2 = (−√γ : −√γ : 1 : 1),
q3 = (
√
γ : −√γ : 1 : −1), q4 = (−√γ : √γ : 1 : −1) where γ2+2λγ+1 = 0.
With respect to the action of S4 the orbit of p5 (resp. q3) coincides with
that of p6 (resp. q4).
Let π : X4λ → X4λ/S4 ⊂ WP(1, 2, 3, 4). Then π(pi) = pi and π(qj) = qj
with
pi = (3 + αi : 3 + 3αi : 1 + 3αi : αi), i = 1, 2, 3, 4,
p5 = (0 : 0 : 1 : 0),
q1 = (2
√
γ + 2 : γ + 4
√
γ + 1 : 2γ + 2
√
γ : γ),
q2 = (−2
√
γ + 2 : γ − 4√γ + 1 : 2γ − 2√γ : γ),
q3 = (0 : −γ − 1 : 0 : γ).
These are five singular points (pi, i = 1, . . . , 5) of type A2 and three singular
points (qj, j = 1, 2, 3) of type A1.
We observe that the points p5 and q3 are in the singular locus ofWP(1, 2, 3, 4),
the other singular points are not. If λ4 = 1, then X4λ/S4 admits three other
singular points ((4 : 6 : 4 : 1), (0 : −2 : 0 : 1), (2i : −2 : −2i : 1)), which are
the image of the singularities of X4λ.
Since the quotient X4λ/A4 is realized as double cover of X
4
λ/S4, the singular-
ities on X4λ/A4 come from the singularities of X
4
λ/S4 or from the singularity
of the branch locus B4λ, which is given by
0 = det(M4) = −4e31e33 − 27e41e24 + 16e42e4 − 4e32e23 − 27e43 + 256e34
+18e31e3e2e4 − 80e1e3e22e4 − 4e21e32e4
+e21e
2
2e
2
3 + 144e
2
1e2e
2
4 − 6e21e4e23 + 18e2e1e33
+144e2e4e
2
3 − 128e22e24 − 192e3e1e24.
The singular locus of B4λ ∈ WP(1, 2, 3, 4) is given by the point (0 : 1 :
0 : 0) and (0 : 1 : 0 : 1/4) in WP(1, 2, 3, 4), which are not points of X4λ/S4
if λ 6= 1 (if λ = 1, (0 : 1 : 0 : 4) ∈ X41/S4 and (0 : 1 : 0 : 0) /∈ X41/S4). So
if λ 6= 1 the singularities of X4λ/A4 are mapped to singularities of X4λ/S4.
The points pi, qj in X
4
λ/S4, i = 1, 2, 3, 4 and j = 1, 2 are in the branch locus
of the double cover X4λ/A4 → X4λ/S4, hence each of them corresponds to a
singular point on X4λ/A4. The points p5, q3 in X
4
λ/S4, are not in the branch
locus of the double cover X4λ/A4 → X4λ/S4, hence each of them corresponds
to two singular points on X4λ/A4 (indeed the two singular points mapped to
p5 are the image in X
4
λ/A4 of the points in the orbit of p5 ∈ X4λ and p6 ∈ X4λ
under the action of A4 and analogously the two singular points over q3 are
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the image in X4λ/A4 of the points in the orbit of q3 ∈ X4λ and q4 ∈ X4λ under
the action of A4). Hence if λ
4 6= 1, the singular points of X4λ/A4 are 6 points
of type A2 and 4 points of type A1, as computed in a general setting by [X].
If λ4 = 1 we have other four singularities of type A1, indeed the two singular
points of X4λ/S4, (4 : 6 : 4 : 1) and (0 : −2 : 0 : 1) are in the branch locus
of the double cover X4λ/A4 → X4λ/S4, and the point (2i : −2 : −2i : 2) is
not.
The equations of T 4λ are given by
w24 − (e1e2e3 − e23 − e4e21)w4 − 27e41e24 + 4608e31e2e3e44 − 4e31e33 − 4e21e32e4+
e21e
2
2e
2
3 + 144e
2
1e2e
2
4 − 6e21e23e4 − 80e1e22e3e4 + 18e1e2e33 − 192e1e3e24+
16e42e4 − 4e32e23 − 128e22e24 + 144e2e23e4 − 27e43 = 0
4(1 + λ)e4 − (e41 − 4e2e21 + 4e3e1 + 2e22) = 0
in WP4(1, 2, 3, 4, 6). A desingularization is obtained by blowing up at the
singular points: by general facts, we still get a K3 surface.
We end this section with the study of the singularities for n = 4. The
hypersurface P4/A5 in WP5(1, 2, 3, 4, 5, 10) is given by the equation
w25 − θ5w5 −∆5 = 0,
where
θ5 = e1e2e3e4 − e21e24 − e1e22e5 + 2e1e4e5 + e2e3e5 − e23e4 − e25,
∆5 = 64e
5
1e
3
5 − 48e41e2e4e25 − 32e41e23e25 + 36e41e3e24e5 − 7e41e44+
+36e31e
2
2e3e
2
5 − 2e31e22e24e5 − 20e31e2e23e4e5 + 5e31e2e3e34 − 400e31e2e35+
4e31e
4
3e5 − e31e33e24 + 40e31e3e4e25 − 8e31e34e5 − 7e21e42e25 + 5e21e32e3e4e5+
−e21e32e34 − e21e22e33e5 + 256e21e22e4e25 + 140e21e2e23e25 − 187e21e2e3e24e5+
36e21e2e
4
4 + 6e
2
1e
3
3e4e5 − 2e21e23e34 + 500e21e3e35 − 14e21e24e25 − 157e1e32e3e25+
6e1e
3
2e
2
4e5+88e1e
2
2e
2
3e4e5−20e1e22e3e34+562e1e22e35−18e1e2e43e5+5e1e2e33e24+
−513e1e2e3e4e25 + 40e1e2e34e5 − 225e1e33e25 + 256e1e23e24e5 − 48e1e3e44−
624e1e4e
3
5 + 27e
5
2e
2
5 − 18e42e3e4e5 + 4e42e34 + 4e32e33e5 − e32e23e24 − 225e32e4e25+
+206e22e
2
3e
2
5 + 140e
2
2e3e
2
4e5 − 32e22e44 − 157e2e33e4e5 + 36e2e23e34 − 937e2e3e35
+500e2e
2
4e
2
5 + 27e
5
3e5 − 7e43e24 + 562e23e4e25 − 400e3e34e5 + 64e54 + 781e45
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By direct inspection, this hypersurface is quasi-smooth and well-formed
in weighted projective space. The singularities are given by the intersection
of the singularities of WP5(1, 2, 3, 4, 5, 10) and P4/A5. These are given by
the curve
w25 = 4e
3
4(e
4
2 − 8e22e4 + 16e24)
in the weighted projective plane WP2(2, 4, 10) given by
e1 = e3 = e5 = 0,
the point [0, 0, 1, 0, 0, 0] and two points which satisfy the equation w25 +
e25w5 − 781e45 = 0 in the weighted projective line WP1(5, 10) defined by the
equations
e1 = e2 = e3 = e4 = 0.
These singular loci give rise to points in P4 which are stabilized by the
corresponding isotropy groups. All these points belong to X4λ for generic λ
except the points with isotropy group the cyclic group of order 5. Therefore,
the singularities of T 5λ are given by the point [0, 0, 1, 0, 0, 0] and the curve
e1 = e3 = e5 = 0, w
2
5 = 4e
3
4(e
4
2 − 8e22e4 + 16e24).
Since A5 acts on X
5
λ preserving the period, T
5
λ admits a crepant res-
olution which is a smooth Calabi-Yau manifold. The singular point with
isotropy group the cyclic group of order three can be resolved via toric
crepant resolution. The singular curve is locally C×C2/ (Z/2Z).
By standard results on weighted projective space (see, for instance, [J],
p. 134), the isotropy group of a point p is cyclic of order k, where k is the
highest common factor of the weights corresponding to non zero coordinates
of p. Now, we prove that the quotient T n+1λ does not admit a crepant
resolution for n ≥ 5. According to Proposition 6.4.4 in [J], the quotient
T n+1λ does not have a crepant resolution if it has terminal singularities. We
recall that a quotient singularity is terminal if the age is greater than 1.
Locally, T n+1λ is isomorphic to C
n−1/G, where G is a cyclic group of order
k ≥ 2. Let g be a generator of G. The age of g is computed as follows.
Lemma 3.8. Let k ≥ 2. If n + 1 = sk + t for 0 ≤ t ≤ k − 1, then the age
of g is equal to
1
k
(⌊
n+ 1
k
⌋
k(k − 1)
2
+ ak
)
,
where a is the quotient of the division of t(t+1)2 by k.
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Proof. First we recall that every automorphism α of order r of an m-
dimensional variety linearizes near a component of the fixed locus to a di-
agonal matrix diag(ξa1r , ξ
a2
r , . . . , ξ
am
r ), 0 ≤ ai < r and the age of α is by
definition
age(α) :=
m∑
i=1
ai
r
.
In our case, by definition, we have ek 6= 0. Consider the subset Uk, where
ek 6= 0. This is isomorphic to Cn+1/G, where G is the cyclic group of order
k and the action of G on Cn+1 is given by
(zi1 , . . . , zin+1)→ (ξ
ai1
k zi1 , . . . , ξ
ain+1
k zn+1), (3.6)
where ξk is a k-th primitive root of unity and
{i1, . . . , in+1} =
{
1, . . . , k̂, . . . , n, n+ 1,
n(n+ 1)
2
}
.
Note that k is different from n(n+1)2 . If it were equal to it, the point
p = [0, 0, . . . , 0, 1] would be singular on T n+1λ . Clearly, p does not satisfy the
equations defining T n+1λ . Moreover, we can assume that k is different from
n and n+ 1. Suppose, for instance, that k = n. By definition of k, the only
non zero coordinates of points with isotropy group Z/nZ are en and wn+1
for odd n. In this case, we claim that wn+1 is different from zero. If it were,
we would have to deal with the point ej = 0 for any 1 ≤ j ≤ n+1 and j 6= n
and wn+1 = 0. It is easy to show that this point does not satisfy the first of
the two equations (3.5).
Second, we have aij ≡ j mod k for j 6= n+1, and ain+1 ≡ n(n+1)2 mod k.
As proved in Lemma 3.6, en and en+1 can be expressed in terms of the
other variables. The projection map π
WPn+1
(
1, . . . , n+ 1,
n(n+ 1)
2
)
→WPn−1
(
1, . . . , n̂, n̂+ 1,
n(n+ 1)
2
)
,
forgets en and en+1. The equations in (3.5) have degree n(n+1) and n+1,
respectively. This implies that the restriction of π to T n+1λ is a degree n+1
covering. The image of Uk ∩ T n+1λ under this restriction is isomorphic to
Cn−1/G. The weights brj of the action of G on C
n−1 are given by those of
the action (3.6). More precisely, we have∑
j=1
brj =
∑
j=1
aij − [n+ 1]k − [n(n+ 1)]k, (3.7)
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where [R]k denotes the representative of the class of R modulo k in between
0 and k − 1. The contribution [n+ 1]k is due to the removal of the variable
en+1, and the contribution [n(n+ 1)]k is due to the removal of the variable
en: notice that the first equation in (3.5) has degree n+1 with respect to en
and the second equation in (3.5) is linear with respect to the variable en+1.
The sum ∑
j
aij
can be computed as follows. Write it as
n∑
j
aij + ain+1 =
∑
j
aij +
[
n(n+ 1)
2
]
k
,
and note that
n∑
j=1
aij =
⌊
n+ 1
k
⌋
k(k − 1)
2
+
t(t+ 1)
2
.
Therefore, we have∑
j
brj =
⌊
n+ 1
k
⌋
k(k − 1)
2
+
t(t+ 1)
2
−
[
(n+ 1)(n + 2)
2
]
k
. (3.8)
Since 1 + 2 + . . . + (n + 1) = (n+1)(n+2)2 , it is an easy exercise to show
that [
(n+ 1)(n + 2)
2
]
k
=
[
t(t+ 1)
2
]
k
.
This proves the statement of the lemma. Finally, note that
∑
j brj is a
multiple of k: in fact, we have∑
j
brj ≡
∑
j
aij +
n(n+ 1)
2
− (n+ 1)− n(n+ 1) (3.9)
≡
n+1∑
j
j − (n+ 1)(n + 2)
2
(3.10)
≡ 0 mod k. (3.11)
Proposition 3.9. The CY orbifold T n+1λ has a crepant resolution if and
only if n = 2, 3, 4.
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Proof. If n = 2, then T n+1λ is smooth. As proved before, if n = 3, 4 then
T n+1λ has a crepant resolution. Assume, now, that T
n+1
λ has a crepant
resolution. Thus, it must not have terminal singularities. Suppose, now,
that n ≥ 5. If we show that T n+1λ has terminal singularities, it does not
have a crepant resolution. For n ≥ 5 write n+ 1 = 3s+ t, where 0 ≤ t < 3.
Fix k = 3. By Lemma 3.8, the age of a generator of the cyclic group of order
three is given by
age(g) =
{
s, t = 0, 1,
s+ 1, t = 2.
An easy calculation shows that the dimension of the fixed locus is s− 2.
Hence, the age of g−1 is given by
age(g−1) = n− 1− dim(Fix(g)) − age(g) =
{
s+ 1, t = 0,
s+ 2, t = 1, 2,
which never equals 1. In other words, there exists terminal singularities with
isotropy group Z/3Z for any n ≥ 5.
3.2 The Quotient Y n+1λ by the Group Hn
By Proposition 3.1, the group Hn ≃ (Z/(n + 1)Z)n−1 acts on Xn+1λ by
preserving the period. In this section we take the quotient of Xn+1λ by this
group. The main point is that the quotient variety is the mirror (as a toric
variety) of the family of hypersurfaces of degree n+ 1 in Pn.
For λ = 0 the invariants of the action of Hn are given by yi = x
n+1
i for
i = 1, . . . , n + 1 and by y0 =
∏n+1
i=1 xi. This implies that the quotient of
Xn+10 by Hn is cut out by the following equations in P
n+1:
n+1∑
i=1
yi = 0, y
n+1
0 =
n+1∏
i=1
yi.
If λ 6= 0, we have the equations:
n+1∑
i=1
yi = (n+ 1)λy0, y
n+1
0 =
n+1∏
i=1
yi.
If we solve for y0 in the first of these equations and substitute in the
second one, we get the following equation:(
n+1∑
i=1
yi
)n+1
= (n+ 1)n+1λn+1
n+1∏
i=1
yi.
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The quotient Y n+1λ := X
n+1
λ /Hn is quite singular. In fact, it is singular
at each point p where the stabilizer of p in Hn is non-trivial. Notice that a
point in Pn has a non-trivial stabilizer inHn if at least two of the coordinates
are zero. Let I be a multi-index of length k where 2 ≤ k ≤ n−1 and denote
by CI the linear subspace CI := {xi1 = . . . = xik = 0}. Then the points
of CI ∩Xn+1λ have stabilizer isomorphic to (Z/(n+ 1)Z)k−1. Moreover the
dimension of CI ∩Xn+1λ is equal to n− k − 1.
Proposition 3.10. The quotient Y n+1λ := X
n+1
λ /Hn is a Calabi-Yau orb-
ifold which admits a projective crepant resolution.
Proof. Clearly, Y n+1λ is an orbifold. Since the elements of Hn preserve the
period of Xn+1λ , the singularities of the quotient Y
n+1
λ are Gorenstein, and
accordingly, canonical. The canonical sheaf is trivial by the adjunction for-
mula, and the Hodge numbers h0,j are easily seen to be zero - see, for
instance, [CK]. As proved in [DHZ], Application 5.5, the hypersurface Σ
given by
yn+10 =
n+1∏
i=1
yi,
is isomorphic to a quotient singularity that admits a projective crepant res-
olution π : Zc → Σ in any dimension. The quotient Y n+1λ is a hyperplane
section of Σ. Take the divisor D in Zc given by π−1
(
Y n+1λ \ Sing((Y n+1λ
)
.
Since π gives a resolution Σ, the divisor D yields a resolution of Y n+1λ . More-
over, denote by i the inclusion of D in Zc and j the inclusion of Y
n+1
λ in Σ.
By applying twice the adjunction formula, the following holds:
KD = i
∗(KZc +D) = i
∗π∗(KΣ + Y
n+1
λ ) = π
∗KY n+1
λ
.
This shows that Y n+1λ admits a projective crepant resolution.
Remark 3.11. The variety Y n+1λ is the mirror as a toric variety of X
n+1
λ :
see [B1]. This implies that the Hodge diamond of Y n+1λ is the mirror of that
of Xn+1λ , i.e. for h
i,j(Y n+1λ ) = h
n−j,i(Xn+1λ ).
In case n = 3, X4λ and Y
4
λ are K3 surfaces and it is proved in [Do] that they
are mirror also from a lattice theoretic point of view.
In case n = 4, X5λ and Y
5
λ are Calabi–Yau threefolds and they are mirror in
all known definitions of mirror symmetry!
For k ≥ 3 and generic λ, let Ikλ be the variety:{
([y1, . . . , yk], [a, b]) ∈ Pk−1 × P1 :
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(y1 + . . .+ yk)
k (b+ a)k+1 − (k + 1)k+1λk+1abky1 . . . yk = 0
}
. (3.12)
Denote by αk the second projection onto P1.
Theorem 3.12. The variety Ikλ is birational to Y k+1λ .
Proof. Denote by F 0k the fiber over the point [1, 0], and let I
k
λ be the open
set obtained from Ik by removing F 0k . Consider the rational map
βk+1 : Y
k+1
λ 99K P
1,
which maps (y1, . . . , yk+1) to (yk+1, y1 + . . . + yk). Let Vk+1 the union of
β−1k+1([1, 0]) and Πk+1, where Πk+1 is the codimension two subspace given
by
y1 + . . . + yk = 0, yk+1 = 0.
Set Yk+1λ = Y k+1λ \ Vk+1. The restriction of βk+1 to Yk+1λ is well-defined
because we removed the indeterminacy locus. The morphism between Yk+1λ
and Ikλ is given by
[y1, . . . , yk, yk+1]→ ([y1, . . . , yk], [yk+1, y1 + . . . + yk]) .
Its inverse is given by
([y1, . . . , yk] , [a, b])→
[
y1, . . . , yk,
a
b
(y1 + . . . + yk)
]
.
Remark 3.13. We recall that Y 3λ is a quotient of X
3
λ. Theorem 3.12 shows
that we can reconstruct Y k+1λ as a fibration over P
1 with general fiber Y kµ for
suitable µ, which can be computed explicitly. Thus, all Y k+1λ originate from
X3λ.
In order to get more information on the geometry of Y n+1λ , we try to
understand whether they may be viewed as coverings of projective space.
Let us consider the Calabi-Yau Y n+1λ of dimension n− 1 with equation:(
n+1∑
i=1
yi
)n+1
− γn
n+1∏
i=1
yi = 0,
where γn = ((n + 1)λ)
n+1.
Let us consider the birational map π : Pn → Pn−1 given by
π : (y1 : . . . : yn+1) 7→ (y1 + y2 : y3 : y4 : . . . : yn+1).
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Set
yi = µi−2(y1 + y2), i = 3, . . . n+ 1
where (1 : µ1 : µ2 : . . . : µn−1) are coordinates on Pn−1.
If we substitute these equations in the pencil and put y2 = 1, we get
Ay21 + y1(2A− γnB) +A = 0,
where A = (1+
∑n−1
i=1 µi)
n+1 and B =
∏n−1
i=1 µi. This shows Y
n+1
λ as a double
cover of Pn−1 branched along the discriminant of the equation Ax21+x1(2A−
γnB) + A = 0 with variable x1. The discriminant (in the homogeneous
coordinates (µ0 : µ1 : . . . : µn−1)) is given by
γn
n−1∏
i=1
µi
γnµ20 n−1∏
i=1
µi − 4
(
n−1∑
i=0
µi
)n+1 .
Hence we obtain a model of Y n+1λ as a double cover of P
n−1 with branch
locus of degree 2n:
z2 = γn
n−1∏
i=1
µi
γnµ20 n−1∏
i=1
µi − 4
(
n−1∑
i=0
µi
)n+1 . (3.13)
The branch locus is the union of n− 1 hyperplanes µi = 0 for i = 1, . . . n− 1
and an irreducible singular hypersurface of degree n+ 1, singular along the
n− 3 dimensional linear space
Ln−3 :=
{
µ0 = 0∑n−1
i=1 µi = 0
,
and along the
(
n− 1
2
)
linear spaces of dimension n− 4, namely:
Rh,k :=

µh = 0,
µk = 0,∑n−1
i=0 µi = 0,
where h, k are chosen so that h < k, h, k ∈ {1, . . . , n− 1}.
Let us consider the pencil of hyperplanes containing Ln−3: τ
∑n−1
i=1 µi =
µ0. Each hyperplane H of this pencil intersects the branch locus in Ln−3
and in a hypersurface in H of degree 2n − 2. If we take into account the
pencil of hyperplanes through Ln−3, we obtain a fibration over P1τ with fibers
the varieties Vn−2 of dimension n − 2. These varieties are double cover of
H(= Pn−2) branched along a hypersurface of degree 2n − 2. The equation
of such a fibration is
F1 :=
{
z2 =
n−1∏
i=1
µi
[
γnτ
2
n−1∏
i=1
µi − 4(τ + 1)n+1(
n−1∑
i=1
µi)
n−1
]}
.
The generic fiber is a variety which is a double cover of Pn−2 branched along
the union of n− 1 hyperplanes and of the hypersurface Y n−1ν(τ,λ) where
ν(τ, λ) =
τ2γn
4(τ + 1)n+1
=
τ2
4
(
(n+ 1)λ
(τ + 1)
)n+1
.
Analogously, one can construct the fibration F2 associated to the pencil
of hyperplanes (τµi = µj, i 6= j, i, j = 1, . . . n− 1) through the n− 3 linear
subspaces of Mh,k, which are the intersection of the hyperplanes µh = 0 and
µk = 0. For i = 2 and j = 1, we obtain
F2 :=
z2 = τ
n−1∏
i=3
µi
γnτµ20µ22 n−1∏
i=3
µi − 4
(
µ0 + µ2(1 + τ) +
n−1∑
i=3
µi
)n+1 .
3.2.1 The Curve Y 3λ
The group H2 acts on the elliptic curve X
3
λ fixing the period and thus is
generated by a translation by a point of order 3 on X3λ. The action of H2
is fixed point free and the quotient curve Y 3λ is the elliptic curve given by
the equation (y1 + y2 + y3)
3 − 3λy1y2y3 = 0. We will analyze better the
properties of Y 3λ and its relation with X
3
λ in the Section 3.3.1.
3.2.2 The Surface Y 4λ
The surface Y 4λ - denoted Yλ - is singular. By definition, it is obtained as
a quotient of a K3 surface (X4λ) by a group of automorphisms (H3) acting
trivially on the period. The automorphisms of K3 surfaces, which are trivial
on the period, are called symplectic automorphisms - indeed they preserve
the symplectic structure of the surface - and are well-known and studied
in the literature. In particular, the finite groups acting symplectically on a
K3 surface are classified (cf. [N2], [Mu], [X]). Let G be a finite group of
automorphism on a K3 surface S. The desingularization S˜/G of S/G is a
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K3 surface if and only if G is a group of symplectic automorphisms. If G
is symplectic, let us consider the minimal primitive sublattice of NS(S˜/G)
which contains the curves arising by the desingularization of S/G. It de-
pends on G, but not on S for almost all the groups acting symplectically on
a K3 surface (the unique exceptions are Q8 and T24), and in this case we will
denote it by MG. In [X], the lattices MG are computed for all admissible
groups G.
Since the automorphisms of H3 on X
4
λ are symplectic, the desingulariza-
tion of Yλ is a K3 surface.
The six points of Sing(Yλ) are
p1 = (0 : 0 : −1 : 1), p2 = (0 : −1 : 0 : 1), p3 = (−1 : 0 : 0 : 1),
p4 = (0 : −1 : 1 : 0), p5 = (−1 : 0 : 1 : 0), p6 = (−1 : 1 : 0 : 0).
These singularities are of type A3 (because they are the image of the points
qi on X
4
λ which are stabilized by a subgroup isomorphic to Z/4Z in H3).
Since Yλ is the desingularization of the quotient of a K3 surface with the
group (Z/4Z)2 of symplectic automorphisms, we have M(Z/4Z)2 →֒ NS(Yλ).
Moreover, Yλ has a singular model as a quartic in P3 and the singularities are
obtained via contraction of the curves in M(Z/4Z)2 ; hence ZL⊕M(Z/4Z)2 →֒
NS(Yλ) with finite index, where L is a pseudo-ample divisor with L
2 = 4.
This index can be 1, 2, 4. In fact, the lattice ZL ⊕M(Z/4Z)2 is the Ne´ron–
Severi group of a certain K3 surface. As proved in [G1], the lattice U ⊕
M(Z/4Z)2 is the Ne´ron–Severi group of an elliptic K3 surface with 6I4 as
reducible fibers . Let us consider the sublattice 〈4〉 ⊕M(Z/4Z)2 ≃
(
1
2
)
⊕
M(Z/4Z)2 of U ⊕M2(Z/4Z). It is a primitive sublattice of U ⊕M(Z/4Z)2 and
hence it is a primitive sublattice of ΛK3. Thus, it appears as the Ne´ron–
Severi group of a K3 surface.
One can construct lattices R such that ZL⊕M(Z/4Z)2 has index 2 or 4 in R.
These lattices are primitively embedded in ΛK3 because their length (l(R))
is 1 (= l(M(Z/4Z)2 + 1− 2) and their rank is rankR=19. Hence they satisfy
the inequality l(R) ≤ rank(ΛK3)− rank(R)− 2 which guarantees that R is
primitively embedded in ΛK3 (cf. [N1], Theorem 1.14.4).
We recall that Yλ is the mirror (in the sense of the L-polarized K3
surfaces) of the quartic hypersurface in P3 (cf. [Do] and Remark 3.11).
This implies that TYλ ≃ 〈4〉 ⊕ U . Hence NS(Yλ)∨/NS(Yλ) = Z/4Z and
NS(Yλ) ←֓ ZL⊕M(Z/4Z)2 with index 4.
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We recall that M(Z/4Z)2 is generated by the classes Mj,i, the standard basis
of the j-th copy of the lattice A3 and by the classes
d1 = f1 + f2 + f3 + f4 + 2f5,
d2 = f1 + 2f2 + 3f3 + f5 + f6,
where fh = (Mh,1 + 2Mh,2 + 3Mh,3)/4.
Let us consider the class
v = f1 − f2 + f3 =
=
1
4
(M1,1 + 2M1,2 + 3M1,3 −M2,1 − 2M2,2+
−3M2,3 +M3,1 + 2M3,2 + 3M3,3) .
Let us denote by T the lattice spanned by the generators of ZL⊕M(Z/4Z)2
and the class L/4 + v.
Theorem 3.14. The overlattice T is unique up to isometry. In particular,
the generators of ZL⊕M(Z/4Z)2 and L/4 + v form a Z-basis of NS(Yλ) for
generic λ.
Proof. The lattice T is an even overlattice of ZL⊕M(Z/4Z)2 of index four. Its
signature is (1, 18). The uniqueness follows from [N1], Corollary 1.13.3.
Remark 3.15. The Picard number of X4λ and Y
4
λ is the same, since there
exists a rational dominant map from X4λ to Y
4
λ . For certain specific values
of λ, the Picard number of Yλ and X
4
λ is 20. In particular, if λ
4 = 1, X4λ
is a singular quartic and the Picard group of its desingularization contains
an extra class (the exceptional curve of the blow-up of the singular points).
Thus, if λ4 = 1, the Picard number of Y 4λ jumps to 20. Similarly, if λ = 0 ,
the variety X40 has Picard number 20 (as proved before) and thus the Picard
number of Y 40 jumps to 20.
Remark 3.16. The surfaces Yλ for a generic λ are not Kummer surfaces;
indeed there exists no even lattice L such that TYλ ≃ L(2).
The equation (3.13) exhibits Yλ as a double cover of P2 and the branch
locus is the union of two lines and a quartic curve, namely:
l := µ1 = 0, m := µ2 = 0 Q := [2(µ0 + µ1 + µ2)
4 − γ3µ1µ2µ20].
The branch locus has four singular points:
p1 := (0 : 0 : 1), p2 = (0 : 1 : −1), p3 = (1 : 0 : −1), p4 = (1 : −1 : 0)
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where p1 = l ∩m, p2 = Q ∩ l, p3 = Q ∩m, and p4 is a singular point on the
quartic Q.
To resolve the singularity p1, it suffices to blow up once the point p1, thus
introducing an exceptional divisor. To resolve the singularity of the quartic,
it suffices to perform a blow-up. The exceptional divisor of this blow-up is
tangent to the strict transform of the quartic. It has multiplicity 2 and hence
it is not in the branch locus. To separate the strict transform of the quartic
from that of a line (l or m), it is necessary to blow- up 4 times, introducing
four exceptional divisors for each line. Hence, to resolve the singularities of
the sextic (and so of its double cover), we introduce ten exceptional divisors.
In particular, the double cover of the plane branched on the sextic l∪m∪Q
has two singularities of type A1 and two singularities of type A4.
Now, we consider elliptic fibrations on Yλ which specialize to F1 and F2
in case n = 3.
The fibration F1 specializes to the elliptic fibration
z2 = µ1
[
γ3τ
2µ1 − 4(τ + 1)4(µ1 + 1)2
]
,
where we put µ2 = 1 and τ is a parameter on P1. After elementary trans-
formations, an equation of such an elliptic fibration is given by
z2 = µ1
[
µ21 − µ1
1
4
(γnτ
2(1− τ)2 − 8) + 1
]
,
which exhibits this elliptic fibration as a specialization of the elliptic fibration
analyzed in [vGS, Section 4.6]. In particular, this fibration has one fiber of
type I16 on the point at infinity, two fibers of type I2 (on τ = 0 and τ = 1)
and four fibers of type I1. It admits a 4-torsion section (it is of type given
in [G1], Proposition 2.2, putting f = 1, e = 12
√
γ3τ(1 − τ)). Hence the K3
surfaces Yλ admits a symplectic automorphism of order 4. The square of
this automorphism is a Morrison-Nikulin involution which specializes to the
one studied in [vGS].
The fibration F2 specializes to the genus one fibration
z2 = τ
[
γ3τµ
2
0µ
2
2 − 4 (µ0 + µ2(1 + τ))4
]
.
3.2.3 The Three-fold Y 5λ
For a generic λ the 3-fold Y 5λ is a 2:1 cover of P
3 branched along the union
of three planes and a quintic surface.
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The fibration F1 on Y
5
λ is a fibration with K3 surfaces as generic fiber.
Indeed the fiber of the fibration F1 over the point τ is the double covers of
P2 with coordinates (µ1 : µ2 : µ3)
z2 = µ1µ2µ3(γ4τµ1µ2µ3 − 4(τ + 1)5(µ1 + µ2 + µ3)3).
If τ 6= 0,−1 this is the double cover of P2 branched along three lines (m1,
m2, m3) and a smooth cubic C3. The lines mi are inflectional tangents to
C3. The double cover of this singular sextic is of course singular, but it
suffices to blow up three times the 3 intersection points between the lines
and the cubic and once the 3 intersection points of two lines to obtain a curve
such that the double cover branched along this curve is smooth. Hence the
singularities of the double cover of the singular sextic are ADE. This implies
that the generic fiber is a K3 surface. The fiber over τ = −1 is made up
of two projective planes and it is not connected, the ones over τ = 0 and
τ =∞ are a double cover of P2 branched along four lines.
The fibration F2 on Y
5
λ is a fibration with K3 surfaces as generic fiber.
Indeed the fiber of the fibration F2 over the point τ is the double cover of
P2 with coordinates (µ0 : µ2 : µ3)
z2 = τµ3
[
γ3τµ
2
0µ
2
2µ3 − 4 (µ0 + µ2(1 + τ) + µ3)5
]
.
The generic fiber is a double cover of P2 branched along the union of a
singular quintic and a line, which meets the quintic in one point with mul-
tiplicity 5. To obtain a smooth model of this double cover of the complex
projective plane, we consider the double cover branched along a blow-up of
the branch locus. In particular, it suffices to blow up the singular point of
the quintic two times and the intersection points between the line and the
quintic five times. This double cover is smooth and hence the generic fiber
of this fibration is a K3 surface.
3.3 The Quotient by Sn+1 ⋊Hn
The full automorphism group of Xn+1λ is Sn+1 ⋊Hn and An+1 ⋊Hn is the
subgroup which preserves the period. Here we describe the quotient of Xn+1λ
by these two groups. In particular we prove:
Proposition 3.17. The quotient Xn+1λ /Sn+1 ⋊Hn is birational to the hy-
persurface en+11 − (n + 1)n+1λn+1en+1 = 0 in WP(1, 2, . . . , n + 1) and the
quotient Xn+1λ /An+1⋊Hn is birational to the complete intersection of the hy-
persurfaces w2n+1−wn+1θn+1−∆n+1 = 0 and en+11 −(n+1)n+1λn+1en+1 = 0
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in WPn
(
1, 2, 3, . . . , n+ 1, n(n+1)2
)
. If n = 2, 3, 4 there exists a crepant res-
olution of Xn+1λ /An+1 ⋊Hn which is a Calabi–Yau variety.
Let qn : X
n+1
λ → Y n+1λ be the quotient map. Denote by πn : Pn →
Pn/Sn+1 ∼= WPn(1, 2, 3, . . . , n + 1) the quotient by the symmetric group.
Let Dn+1λ be the image of X
n+1
λ under the composition Φn = πn◦qn. Clearly,
the equation of Dn+1λ is given by
en+11 − (n+ 1)n+1λn+1en+1 = 0. (3.14)
Consider, now, the quotient map Qn : X
n+1
λ → Qn+1λ onto the quotient of
Xn+1λ by the semidirect product of Sn+1 and Hn.
Lemma 3.18. The maps Φn and Qn are birationally equivalent.
Proof. Let x1 and x2 be two points of X
n+1
λ such that x1 = n1n2 · x2 for
n1 ∈ Hn and n2 ∈ Sn+1. Then, we have qn(x1) = qn(n2 · x2). Since
yi = x
n+1
i , we have qn(n2 · x2) = n2 · qn(x2). Thus, we obtain
Φn(x1) = πn ◦ qn(x1) = πn(n2 · qn(x2)) = πn ◦ qn(x2) = Φn(x2).
Therefore, there exists a map from Qn+1λ to D
n+1
λ . Since Φn and Qn
have the same degree, this map must be one-to-one.
By Lemma 3.18, we can study the quotient by the semidirect product
of Sn+1 and Hn up to birationality. This is given by Equation (3.14). It is
easy to check that Dn+1λ is quasi-smooth and well-formed. This means that
the singularities of Dn+1λ are those of weighted projective space. Since it has
degree n+1 inWPn(1, 2, 3, . . . , n+1), it is not Calabi-Yau, i.e., the canonical
sheaf is not trivial. As in Lemma 3.18, the quotient map of Xn+1λ onto the
semidirect product of An+1 and Hn is birational to the map X
n+1
λ → An+1
onto the Calabi-Yau orbifold defined by the equations
w2n+1 −wn+1θn+1 −∆n+1 = 0, en+11 − (n+ 1)n+1λn+1en+1 = 0
inWPn
(
1, 2, 3, . . . , n+ 1, n(n+1)2
)
. Analogously to the quotient by the alter-
nating group An+1, this orbifold admits a crepant resolution for n = 2, 3, 4.
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3.3.1 The Case n = 2
By Proposition 3.2, the groups H2 ≃ Z/3Z and A3 ≃ Z/3Z fix the period
of the curve X3λ. Thus A3 ⋊H2 ≃ (Z/3Z)2 is a group of translations on the
elliptic curve, and in particular the group of the translation by the 3-torsion
of the elliptic curve. Here we consider the quotient X3λ/(A3 ⋊H2), which is
isomorphic to the quotient Y 3λ /A3.
Proposition 3.19. Let G ≃ (Z/3Z)2 be the group of automorphisms of P2
generated by α : (x : y : z) 7→ (x : ξ3y : ξ23z) and β : (x : y : z) 7→ (y : z : x).
The group G is a group of automorphisms of the pencil X3λ and the quotient
pencil X3λ/G is isomorphic to X
3
λ.
In particular, the quotient of the pencil Y 3λ by β is isomorphic to the pencil
X3λ.
Proof. If λ3 6= 1, the curves in the pencil Xλ are smooth. They are elliptic
curves and the automorphisms α and β have no fixed points. Hence these
automorphisms correspond to a translation by points of order three (choos-
ing (1 : ξ6 : 0) as origin of the elliptic curve the automorphism α is the
translation by the point (1 : −1 : 0) and β is a translation by the point
(0 : 1 : ξ6)). Hence, for each λ
3 6= 1 the quotient X3λ/G is the quotient of
an elliptic curve by its torsion group of order 3. This quotient corresponds
to the multiplication by 3 on the elliptic curve, and hence we obtain an
isomorphic curve.
Since α and β commute, the quotientX3λ ≃ X3λ/G is the quotient (X3λ/α)/β ≃
Y 3λ /β.
We can explicitly describe the isomorphism between the curve X3λ and
the curve X3λ/G. If we set x3 = 1 in the equation of X
3
λ, we obtain a pencil
of elliptic curves which has the following Weierstrass form:
u3 +
(
−27
16
λ4 +
27
2
λ
)
u− 27
32
λ6 +
27
4
− 135
8
λ3 + v2 = 0.
The quotient of X3λ by α is given by (y1 + y2 + y3)
3 − 27λ3y1y2y3 = 0.
The quotient by β is given by
V 2 =
4e61
27λ3
− 2e
4
1e2
3l3
+ e21e
2
2 − 4e32 −
e61
27l6
,
where ei is the i-th elementary symmetric functions. If we set z = ∆ and
x = e2, y = e
2
1 and, after that, we pass to affine coordinates s, t, we get a
pencil of elliptic curves with Weierstrass form:
s3+(−177147λ24+1417176λ21)s−28697814λ36−573956280λ33+229582512λ30+t2 = 0.
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The automorphism is thus given by
(x, y)→
(
−αu− 243λ12
2916λ12
,
α3/2v3
78732λ18
)
,
where
α2 =
−27λ4 + 216λ
16(−177147λ24 + 1417176λ21) ,
and
u = −3(4y
2 + 4λxy − 4y + 4 + 4λx+ λ2x2)
4x2
,
v =
9(2y2 + 2− y2xλ− 2y + 2xyλ− yλ2x2 + x3 + λx+ λ2x2)
2x3
.
3.3.2 The Case n = 3
The quotient X4λ/A4 ⋊H3 is the quotient of a K3 surface by a finite group
of symplectic automorphism. In particular, the singularities of this quotient
are one singularity of type D4, 6 of type A2 and 2 of type A1 as computed
by [X]. The desingularization of X4λ/A4 ⋊H3 is a K3 surface and its Picard
number is 19 if λ is generic (the Picard number is the same as that of X4λ).
The Picard group is an overlattice of finite index of ZL ⊕MA4⋊H3 for an
ample divisor L, where MA4⋊H3 has discriminant group (Z/2Z)
4 × (Z/3Z)4
and is an overlattice of index 3 of D4 ⊕ 6A2 ⊕ 2A1.
3.3.3 The case n = 4
The quotient X5λ/A5 ⋊ H4 has a desingularization which is a Calabi-Yau
threefold. We will show in Section 5.4.1 that the Hodge numbers of any
smooth resolution are h1,1 = 15 and h2,1 = 5. This coincides with previous
results in [St], where the Hodge numbers are obtained via representation
theory of A5. Our method is purely geometric.
3.4 Automorphisms Not Preserving the Period of Xn+1λ
Let τ be the automorphism of Xn+1λ which does not preserve the period. It
is an order two element which generates Sn+1⋊Hn together with the group
An+1 ⋊Hn, which preserves the period of X
n+1
λ . We may assume that τ is
the transposition (12).
If n = 2, then X3λ/ < τ > is the quotient of an elliptic curve by the
hyperelliptic involution, so it is a rational curve.
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If n + 1 is even, the fixed locus of τ is the divisor Xn+1λ ∪ {x1 = x2},
which is a hypersurface of degree n+ 1 in Pn−1; the quotient Xn+1λ / < τ >
is a smooth variety.
If n+1 is odd, the fixed locus of τ consists of the point (1 : −1 : 0 : . . . : 0)
and the divisor Xn+1λ ∪{x1 = x2}, which is a hypersurface of degree n+1 in
Pn−1; the quotient Xn+1λ / < τ > is singular. Let π(1:−1:0:...:0) : P
n → Pn−1
be the projection of Pn from the point (1 : −1 : 0 : . . . : 0) to the n − 1
dimensional projective space x1 = x2. The restriction of π(1:−1:0:...:0) toX
n+1
λ
is invariant with respect to the automorphism τ and exhibits the quotient
Xn+1λ / < τ > as an (n/2) : 1 covering of P
n−1. Indeed, the generic line
through p = (1 : −1 : 0 : . . . : 0) intersects Xn+1λ in n = n + 1 − 1 points
away from (1 : −1 : 0 : . . . : 0) and thus (π(1:−1:0:...:0))|Xn+1
λ
is generically
n : 1. Since it is invariant under τ , it factorizes through the quotient by τ .
Thus Xn+1λ / < τ > is a covering of P
n−1. The degree of such a covering
depends on the degree of the map (π(1:−1:0:...:0))|Xn+1
λ
and of the quotient by
τ .
Proposition 3.20. If n + 1 is even, the quotient Z := Xn+1λ / < τ > is a
smooth Fano variety. Moreover, it is a degree n+12 covering of P
n−1, where
the ramification divisor R is linearly equivalent to (1− n)KZ .
Proof. Let p : Xn+1λ → Z be the degree two map, which is ramified over
the degree n + 1 hypersurface given by Xn+1λ ∩ {x1 = x2}. By Riemann-
Hurwitz’s formula, we have p∗(−KZ) = h, where h is the restriction of the
hyperplane class of Pn to Xn+1λ . Thus, −KZ is ample, and Z is a smooth
Fano variety.
Let D be the divisor on Z associated with the map u : Z → Pn−1. This
means u∗(Hn−1) = D, where Hn−1 is the hyperplane class on Pn−1. If we
show that p∗(D) = h, then D is linearly equivalent to the anticanonical
class. In fact, we have
p∗(D) = p∗u∗(Hn−1) = π
∗(Hn−1) = h,
which proves the claim. The ramification divisor R can be calculated via
the Riemann-Hurwitz formula.
Example. For n = 3, the quotient Z := X4λ/ < τ > is a del Pezzo surface,
as proved in the previous proposition. In particular, the del Pezzo surface
Z has degree 2 because 4 = h2 = (p∗(−KZ))2 = 2K2Z . The fixed locus of
the automorphism τ is a curve of genus 3 and thus, by the classification
of the non–symplectic involution on K3 surfaces, cf. [N4], it follows that
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H2(X4λ)
τ∗ ≃ 〈2〉 ⊕ 〈−2〉7, which is indeed the pull-back of the Picard group
of Pic(Z) ≃ 〈1〉 ⊕ 〈−1〉7. In particular X4λ is a subfamily of the T -polarized
family of K3 surface, for T ≃ U ⊕U ⊕D4 ⊕ 〈−2〉6. If one considers a plane
sextic curve C6 with 7 ordinary double points, the desingularization of the
double cover of P2 branched along C6 is the general member of the family
of T -polarized K3 surfaces, and in fact this K3 surface can be constructed
as a smooth covering of the blow-up P˜2 of P2 in the 7 singular points of the
sextic. The surface P˜2 is the del Pezzo surface Z and the strict transform of
the sextic C6 on P˜2 is the branch locus of the cover p : X4λ → Z.
As for the case n+1 odd, we can not describe Z in general. We give an
example below for n = 4 in particular we prove
Proposition 3.21. The quotient X5λ/τ admits a desingularization Z which
is a Fano threefold obtained as a double covering of P3 branched along a
reducible sextic.
Let λ0 ∈ C such that λ50 6= 1. Consider the Calabi-Yau manifold X5λ0 .
The restriction ρ to this Calabi-Yau of the projection π from p = (1 : −1 :
0 : 0 : 0) is generically a degree four covering of P3, which is not defined at
p. Let Blp(X
5
λ0
) be the blow-up of X5λ0 at p. The map ρ lifts to a map ρ˜
from Blp(X
5
λ0
) to P3. Let h be the pull-back under the blow-up map of the
restriction on X5λ0 of the hyperplane class on P
4. Denote by e the class of
the exceptional divisor on Blp(X
5
λ0
). Clearly, the map ρ is associated with
the linear system |h− e|. Notice that ρ contracts the exceptional divisor e.
The automorphism on X5λ0 corresponding to τ lifts to an automorphism
on the blow-up, which fixes e and h. The quotient by such an automorphism,
say Z, is a threefold. By Riemann-Hurwitz’s formula, the canonical divisor
KZ satisfies the identity:
v∗(−KY ) = h− e, (3.15)
where v : Blp(X
5
λ0
) → Z is the degree two quotient map. The rational
Picard group of Z is generated by b1 := u∗(h) and b2 := u∗(e) because h
and e belong to a basis of Pic(Blp(X
5
λ0
)).
Now, take the divisor on Z given by b1−b22 . By (3.15) and the push-pull
formula, this divisor is equal to −KZ , which is the pull-back of the divisor
h− e on the blow-up Blp(X5λ0). We claim that h− e is ample, so Z is Fano.
To prove that h − e is ample on Blp(X5λ0), let us check the intersection of
any irreducible curve and h− e. If C comes from a curve that does not pass
through p, the intersection (h − e)C is positive. If C comes from a curve
passing with multiplicity m through p, then (h− e)C is positive because the
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degree of C is greater than m. If C lies in the exceptional divisor, then C is
linearly equivalent to a multiple of the class l of the line in the exceptional
P2, i.e., C = dl for some positive integer d. We have
d(h − e)l = −del = d > 0
because el = −1. Indeed, l = c1 (OP2(1)) lies in H4(Blp(X5λ0)), so l =
ah2 + be2 for some integers a, b. Since hl = 0, we have l = be2. We claim
that b = −1. As shown in [GH] p. 608, we have
e2 = i∗(i
∗(e)) = i∗ (c1 (OP2(−1))) = −l,
where i is the embedding of the exceptional divisor in Blp(X
5
λ0
). Moreover,
applying the excess intersection formula and Nl/P2 = OP2(−1), we have
el = i∗(1)l = i∗(i
∗(l)) = −1;
in particular, e3 = 1. The degree of Z, i.e., the number (−KZ)3 is 12(h3−e3).
Of course, h3 = 5 because X5λ0 has degree 5. The morphism associated with
the linear system | −KZ | is a degree two covering of P3. Indeed, it is easy
to check that
χ(−KZ) = h0(Y,−KZ) = 4.
By Riemann-Hurwitz’s formula, the ramification divisor is given by−3KZ .
If we denote by ϕ : Z → P3 the 2:1 covering above, the branch divisor on P3
is nH3, where H3 is the hyperplane class on projective three space. Clearly,
ϕ∗(nH3) = n(−KZ) = 2R = 2(−3KZ) = −6KZ , so n = 6. In other words,
the morphism ϕ is branched over a sextic surface in P3, which is reducible.
We claim that this sextic is the union of a plane and a quintic surface in P3.
In fact, let us take into account a generic point on X5λ0 and the point
p. The line between these two points intersects the Calabi-Yau X5λ0 in
three other points. The map ρ˜ ramifies on the exceptional divisor e and
when any of the three points mentioned before coincide. This condition is
expressed in terms of the discriminant of a degree three equation. It is a
matter of computation to show that the discriminant factors as a product
LC1C
2
2 , where L is a linear form and Ci is a cubic expression for i = 1, 2 -
as homogeneous polynomials on P4. Hence the map from X5λ0 to P
3 can be
described as w4 = LC1C
2
2 . Set, now, z = w
2C2; so the covering Z → P3 is
given by z2 = LC1. If we introduce homogeneous coordinates X0,X1,X2,X3
in P3, and use elimination theory, the product LC1 can be written as a
reducible sextic that is given by a linear form and a quintic.
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4 The K3 Surfaces X4λ
Little is known about the geometry of Xn+1λ . Clearly, the case n = 1 is
obvious. The case n = 2 is the famous Hesse pencil, [AD]. For n = 4 and
λ = 1, the geometry of X51 is investigated in [Sc1].
Here we take into account some aspects of the geometry of X4λ. In this
section, we denote X4λ by Xλ for the sake of simplicity.
4.1 The Ne´ron–Severi group of X4λ
Here we want to describe the Ne´ron–Severi group of Xλ considering a special
member of the family, whose Ne´ron Severi group is known. We need the
following results on symplectic automorphisms on K3 surfaces. For each
finite group of symplectic automorphisms on a K3 surface (except G = Q8
and G = T24) there exists a lattice, MG, which depends only on G and is
computed for each G in [X]. As proved in [N2], [Wi] and [Ha], if the lattice
MG admits a unique primitive embedding in the second cohomology group
of a K3 surface, then another lattice, ΩG, is well defined. It depends only
on G and a K3 surface S admits G as group of symplectic automorphisms
if and only if ΩG is primitively embedded in NS(S). The lattice ΩG is
(H2(S,Z)G)⊥. In the following we will consider the lattice ΩG associated
to the group G = S4, A4, (Z/4Z)2. For each of these groups there exists a
unique embedding of MG and hence the lattice ΩG is well defined.
We consider the surface X0, a special member of the family Xλ. So
we have that NS(X0) ⊃ NS(Xλ). Moreover we consider the group H3 ∼=
(Z/4Z)2 acting symplectically on Xλ (and hence in particular on X0), and
we compute the lattice ΩH3 as a sublattice of NS(X0). Then we use the
fact that ΩH3 ⊂ NS(Xλ) ⊂ NS(X0) to compute NS(Xλ).
Let F := X0 be the Fermat quartic {x41+x42+x23+x44 = 0}. It is a special
member of the family Xλ, the Ne´ron–Severi group NS(Xλ) ⊂ NS(F ). The
transcendental lattice of F is known to be
[
8 0
0 8
]
(cf. [O]). On F there
are the following 48 lines
l4a+b = (ξ
2a+1
8 s : s : t : ξ
2b+1
8 t), l4a+b+16 = (s : ξ
2a+1
8 t : t : ξ
2b+1
8 s),
l4a+b+32 = (s : t : ξ
2a+1
8 s : ξ
2b+1
8 t),
where a = 0, 1, 2, 3, b = 1, 2, 3, 4 and ξ8 is a primitive 8-th root of unity. One
can choose a Z-basis of NS(F ) by considering 20 lines among these, indeed
one can check that for certain choices of 20 lines among the previous 48 ones,
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one finds a lattice with discriminant −82 (so a lattice which is isomorphic
to NS(F )). In particular, a Z -basis is given by
{l1, l2, l3, l4, l5, l6, l7, l9, l10, l11, l17, l18, l19, l21, l22, l23, l33, l34, l35, l37}.
We observe that l1 ∪ l2 ∪ l3 ∪ l4 = F ∩ {x1 − ξ8x2 = 0}; hence the class
h = l1 + l2 + l3 + l4 is the class of the hyperplane section of F .
The group H3 acts on the surfaces Xλ and in particular on the surface F .
On the surface F its action transforms the lines generating the Ne´ron–Severi
group in other lines. Hence, one can completely describe the action of H3
on the Ne´ron–Severi group of NS(F ).
In particular, the lattice ΩH3(⊂ NS(F )) orthogonal to the invariant
lattice NS(F )H3 is generated by the following 18 classes:
b1 = −l2 + l37, b2 = −l1 + l35, b3 = −l2 + l34,
b4 = −l1 + l33, b5 = −l2 + l23, b6 = −l1 + l22,
b7 = −l2 + l21, b8 = −l1 + l19, b9 = l18 − l2,
b10 = −l1 + l17, b11 = −l1 + l11, b12 = l10 − l2,
b13 = −l1 + l9, b14 = −l2 + l7, b15 = −l1 + l6,
b16 = −l2 + l5, b17 = −l2 + l4, b18 = −l1 + l3.
These classes are also contained in NS(Xλ). Indeed, the symplectic ac-
tion of H3 on F restricts to a symplectic action of H3 on Xλ. So ΩH3 ⊂
NS(Xλ). Moreover, the class h (the class of the hyperplane section) has
to be contained in NS(Xλ) (since Xλ is the generic member of a family
of quartic hypersurfaces in P3 on which H3 act symplectically). Hence
Zh
⊕18
i=1 Zbi →֒ NS(Xλ), where the inclusion has finite index (because
rankNS(Xλ) =rank(Zh ⊕ ΩH3)). Since NS(Xλ) is primitively embedded
in H2(Xλ,Z) ≃ H2(F,Z), the lattice NS(Xλ) is primitively embedded in
NS(F ) and so NS(Xλ) ≃ ((Zh ⊕
⊕18
i=1 Zbi)
⊥NS(F ))⊥NS(F ) . A Z-basis of
((Zh⊕⊕18i=1 Zbi)⊥NS(F ))⊥NS(F ) in NS(F ) is given by the following 19 effec-
tive classes:
n1 = h, ni = h+ bi−1, i = 2, . . . , 18, n19 = (h+ b17 + b18)/2.
We observe that this shows in particular that NS(Xλ) is an overlattice of
index two of Zh⊕ Ω(Z/4Z)2 , where h is the polarization of degree 4 of Xλ.
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We constructed the lattice NS(Xλ). In particular we can compute its
discriminant group and form: NS(Xλ)
∨/NS(Xλ) ≃ (Z/8Z)2 × Z/4Z and
the discriminant form is
M =
 98 34 03
4
9
8 0
0 0 54
 .
The discriminant form of the transcendental lattice is the opposite of the
one of the Ne´ron–Severi group and its discriminant group is the same as the
one of the Ne´ron–Severi group. In particular, the transcendental lattice TXλ
is a rank 3(=22 − ρ(Xλ)) lattice with signature (2, 1), discriminant group
(Z/8Z)2 × Z/4Z and with discriminant form −M . We recall the following
trivial proposition.
Proposition 4.1. Let (T, bT ) be a lattice such that: i) rkT = l(T );
ii) T∨/T ≃⊕i Z/2diZ and βi generate Z/2diZ in T∨/T .
Let L be the free Z-module L = {x ∈ T ⊗ Q such that 2x ∈ T} and bL =
2(bT⊗Q)|L a bilinear form defined on L. Then (L, bL) is a lattice and T ≃
L(2) if and only if bT⊗Q(diβi, djβj) ∈ 12Z.
Moreover, L is an even lattice if and only if bT⊗Q(diβi, diβi) ∈ Z.
Let us suppose that T ≃ L(2). Then rk(L)=rk(T ), d(L) = d(T )/2rk(T ).
With the same notations of Proposition 4.1, the discriminant group of L is
generated by λi = 2βi, for i = 1, . . . n such that 2βi /∈ L and its discriminant
form is 2 times the discriminant form of T .
Proposition 4.2. Let S be a K3 surface such that TS ≃ L(2) for an even
lattice L. If L admits a primitive embedding in U ⊕ U ⊕ U , then S is a
Kummer surface.
Proof. Let A be the Abelian surface such that TA ≃ L (this surface exists
by the condition on L). The transcendental lattice of Km(A) is TKm(A) ≃
TA(2) ≃ L(2) (cf. [M]). In particular TKm(A) ≃ TS . Since L ⊂ U ⊕ U ⊕ U ,
rk(L) ≤ 6. The Ne´ron–Severi group of a K3 surface with transcenden-
tal lattice of rank less then or equal to 6, is uniquely determined by the
transcendental lattice. Hence NS(S) ≃ NS(Km(A)). Since Km(A) is a
Kummer surface there exists a primitive embedding of the Kummer lattice
K in NS(Km(A)), and so there is a primitive embedding of K in NS(S).
This implies that S is a Kummer surface (cf. [N3]).
Corollary 4.3. The surface Xλ is a Kummer surface for any λ.
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Proof. For λ such that λ4 = 1, this is known: see, for instance, [H]. As for
the other values of λ, it is easy to verify that TXλ satisfies the condition of
Proposition 4.1; hence there exists a lattice R such that TXλ ≃ R(2). The
lattice R is even, of rank 3, signature (2, 1) and its discriminant form is given
by −2M .
We recall that each even lattice of signature (2, 1) admits a primitive
embedding in U ⊕U ⊕U , and hence there exists an Abelian surface A such
that TA ≃ R. This is enough to prove that Xλ is the Kummer surface of an
Abelian surface A.
4.1.1 Automorphisms of the K3 Surfaces X4λ
We already observed (Prop. 3.2) that the maximal finite group GL of sym-
plectic automorphisms of Xλ, which come from projective transformations
of P3 is isomorphic to A4 ⋊H3 for a generic λ.
Remark 4.4. Let G be the maximal finite group of symplectic automor-
phisms of the K3 surface Xλ. If λ = −3, then G = (Z/4Z)2⋊A5 (cf. [Mu]).
If λ = 0, then G = F384 (cf. [O]).
Let GL be the maximal finite group of symplectic automorphisms of Xλ pre-
serving the polarization L realizing Xλ as quartic hypersurface in P3 with
equation
∑4
i=1 x
4
i − 4λ
∏4
i=1 xi = 0. If GL = (Z/4Z)
2 ⋊ A5, then λ = −3
(cf. [Mu]). If GL = F384, then λ = 0 (cf. [O]).
Since for a generic λ A4 is a group of symplectic automorphism of Xλ
and S4 is not, ΩA4 ⊂ NS(Xλ) and ΩS4 6⊂ NS(Xλ). In our context,
this follows directly also from the construction of NS(Xλ) as sublattice
of NS(F ) we considered. Indeed we chose a class v ∈ NS(F ) such that
Zv := (Zh
⊕18
i=1 Zbi)
⊥NS(F ) and we said that NS(Xλ) = v
⊥NS(F ) . By ex-
plicit computation one sees that the class v ≡ −l2 − l4 + l9 + l11 in NS(F ).
Notice that
v /∈ NS(F )S4 , hence ΩS4 = (NS(F )S4)⊥NS(F ) 6⊂ v⊥NS(F ) = NS(Xλ)
but
v ∈ NS(F )A4 hence ΩA4 = (NS(F )A4)⊥NS(F ) ⊂ v⊥NS(F ) = NS(Xλ),
so we obtain ΩA4 ⊂ NS(Xλ) and ΩS4 6⊂ NS(Xλ).
In the Section 4.1 we gave an explicit description of the generators of
NS(F ). In Remark 3.4, we describe the symplectic action of S4 on F =
X0. Hence we can explicitly compute ΩS4 ≃ H2(F,Z)S4 , recalling that the
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action of S4 is trivial on the transcendental lattice of S4. We have that ΩS4
is generated by
d1 = l37 − l5, d2 = l2 − l22 − l23 + l35,
d5 = −l1 + l17, d6 = −l17 − l2 + l22 + l5
d3 = −l2 + l34, d4 = −l1 + l33,
d7 = −l2 + l21 + l23 − l4, d11 = −l1 + l11,
d9 = l18 − l2, d10 = l1 − l17 − l21 + l5,
d8 = l19 − l21 − l35 + l37, d12 = l10 − l4,
d13 = −l35 + l9, d14 = −l2 − l4 + l5 + l7,
d15 = −l1 − l34 + l37 + l6, d16 = l3 − l35
d17 = −l1 + l37
and ΩA4 is generated by the classes di, i = 1, . . . , 16.
In particular ΩS4 is a rank 17 negative definite lattice with discriminant
group Z/4Z × (Z/12Z)2 and ΩA4 is a rank 16 negative definite lattice with
discriminant group (Z/2Z)2 × (Z/12Z)2. Both these lattices are generated
by vectors of length −4, which is their maximal length.
In [G2], it is observed that there exists pair (G,H) of groups acting
symplectically on K3 surfaces such that H is a subgroup of G and a K3
surface admits G as group of symplectic automorphisms if and only if it
admits H as group of symplectic automorphisms. If this property holds for
the pair (G,H) and the lattices ΩG and ΩH are both well defined, then
ΩG ≃ ΩH . A complete list of the pair of groups (G,H) with this property
can be found in [Ha], but in general no explicit examples are known. The
pair (A4⋊ (Z/4Z)2, (Z/4Z)2) has this property and the K3 surface X4λ is an
explicit geometric example. In particular the lattice ΩA4⋊(Z/4Z)2 is isometric
to Ω(Z/4Z)2 , which is computed in [GS]: it is a negative defined lattice of
rank 18, with discriminant group (Z/2Z)2 × (Z/8Z)2 and it is generated by
vectors of maximal length, i.e. of length −4.
We observed that a K3 surface admits (Z/4Z)2 as a group of symplec-
tic automorphisms, then it admits also A4 as a group of symplectic auto-
morphisms, in fact admits A4 ⋊ (Z/4Z)2. If we restrict our attention only
to hypersurfaces of degree n + 1 in Pn and we fix a particular action of
(Z/(n + 1)Z)n−1 (the one given by Hn), this is true also for higher dimen-
sion, indeed (by Propositions 3.1, 3.2) the family of hypersurfaces of degree
n + 1 in Pn admitting Hn as a group of symplectic automorphisms admits
also An+1 as group of symplectic automorphisms. It would be interesting
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to construct a Calabi-Yau manifold V of dimension n − 1 > 2 such that V
admits Hn but not An+1 as a group of automorphisms preserving the period.
5 The Quotients of the CY Three-folds X5λ
Let V be a Calabi–Yau variety of dimension at most 3 and let G be a
finite group of automorphisms of V which preserves the period of V . If the
quotient V/G is smooth, then it is a Calabi–Yau variety. If it is singular,
then there exists a desingularization which is a Calabi–Yau variety, cf. [Y].
Such a desingularization is not unique if the dimension of V is 3, but the
Hodge numbers of all the desingularizations of V/G which are Calabi–Yau
varieties are the same [B2]. These numbers can be computed via orbifold
cohomology ([CheR]). The aim of this section is to consider some quotients
of X5λ by groups of automorphisms preserving the period. We recall that
the full group of automorphism of X5λ is S5 ⋊ (Z/5Z)
3 and the subgroup
which acts trivially on the period is A5 ⋊ (Z/5Z)3.
5.1 Automorphisms Fixing the Period of Calabi–Yau Three-
folds
First, we recall some known relations among the fixed locus of a group of
automorphisms and the action of such a group on the cohomology. Let J
be a group of automorphisms on a variety Z, and j ∈ J , then:
2dim(Z)∑
k=0
(−1)ktr(j|Hk(Z,Q)) = χ(Zh), (Lefschetz fixed points formula) (5.1)
and by [FH], p. 16,
rk(H∗(Z,Z)J ) =
1
|J |
∑
j∈J
tr(jH∗(X,Q)) =
1
|J |
∑
j∈J
χ(Xj). (5.2)
From now on let G be a group of automorphisms fixing the period of a
Calabi–Yau threefold Z.
Let us denote by p1,1 := dim(H
1,1(Z)G) and p1,2 := dim(H
1,2(Z)G).
Then the formula (5.2) becomes
2(1 + p1,1)− (2 + 2p1,2) = 1|G|
∑
g∈G
χ(Xg).
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We observe that, by definition, G acts trivially on H3,0 but its action
on H2,1 and on H1,1 depends on the group and on the threefold. Howerver,
under certain conditions on the group of automorphisms or on the threefold,
one can assume that the action either on H1,1 or on H2,1 is trivial.
If h1,1(Z) = 1, we have already noticed in the proof of Proposition 3.2,
that the action of each automorphism on H1,1(Z) is trivial and thus Formula
(5.2) allows us to deduce p1,2 by the Euler characterisitc of the fixed locus
of the elements in G:
p1,2 = 1− 1
2|G|
∑
g∈G
χ(Xg). (5.3)
In particular, (5.3) applies to every subgroups of A5 ⋊H4 acting on X5λ.
An automorphism on a Calabi–Yau threefolds is called maximal if it
extends to an automorphism of the family of deformations of the Calabi–Yau
and restricts to an automorphism of each fiber. A maximal automorphism
of a Calabi–Yau three-fold which preserves the period acts trivially on all of
the middle cohomology, in particular on H2,1 and H1,2.
Example. The Calabi–Yau three-fold X5λ does not admit maximal auto-
morphisms, indeed the generic hypersurface of degree 5 in P4 is a member
of the deformation family of X5λ and does not admit automorphisms.
The group A5 is a maximal group of automorphism which preserves the pe-
riod of Y 5λ . Indeed h
2,1(Y 5λ ) = 1, thus all the deformations of Y
5
λ depend on
the variation of the parameter λ, i.e. all the member of the family have an
equation of type (
∑5
i=1 yi)
5 + t
∏5
i=1 yi for a certain t, and hence admit A5
as automorphism group fixing the period.
In order to compute the Hodge numbers of a crepant resolution of a
quotient X5λ/G for a certain subgroup G of A5 ⋊ H4, one can apply the
results in [CheR], where the orbifold cohomology is defined and it is proved
that, under some conditions, it coincides with the ordinary cohomology of
a desingularization. To this end, we recall how to compute the orbifold
cohomology of the quotient of a Calabi–Yau threefold Z by a group G ⊂
Aut(Z) of automorphisms that fix the period of Z.
Let S be the set of representatives of the conjugacy classes of G. For
each s ∈ S, let Fs be the fixed locus Fixs(Z) = {z ∈ Z | s(z) = z}; denote
by F is the connected components of Fs. For each component F
i
s the age of
s is well defined and does not depend on the representative in S. Let Cs be
40
the centralizer of s in G. Then the orbifold cohomology of Z/G is
Hp,q(Z/G)orb = H
p,q(Z)G
⊕ ⊕
s∈S, s 6=1
⊕
i
Hp−age(s),q−age(s)(F is/Cs). (5.4)
In order to apply the orbifold cohomology, one has to compute the age of the
elements in g ∈ G near the fixed locus. The age of an automorphism acting
on a variety near the fixed locus depends on the diagonalization of the action
of the automorphism, and so in general both on the automorphism and on
the variety. Anyway, if one considers an automorphism g fixing the period
of a Calabi–Yau threefold Z, the Hodge numbers of a crepant resolution of
Z/g depend only on the topology of the fixed locus and on the dimension of
the spaces H1,1(V )g and H1,2(V )g. In particular, the following holds:
Proposition 5.1. Let p be a prime. Let Z be a Calabi–Yau threefold with
h1,1(Z) = 1, g be an automorphism of order p of Z preserving the period
and Fg =
∐m
i=0 Pi
∐k
j=0Cj. Let Z˜/g be a crepant resolution of the quotient
Z/g. Then Z˜/g is a Calabi–Yau variety and the following holds:
h1,1(Z˜/g) = 1 +
p− 1
2
m+ (p − 1)k,
h1,2(Z˜/g) = 1− 1
2p
(
χ(Z) + (p− 1)
(
m+ 2k − 2
k∑
i=1
g(Ci)
))
+(p−1)
k∑
i=1
g(Ci).
Proof. In order to compute the Hodge numbers of a crepant resolution of
Z/g we use the formula (5.4). Thus, we have to consider the age of gi near
the fixed locus for i = 1, . . . p−1. The fixed locus of gi coincides with that of
g because the order of g is a prime number. If F is a connected component
of the fixed locus of g, the age of gi near F satisfies the following properties
(cf. [CheR, Lemma 3.2.1])
age(gi) + age(g−i) = codim(F ), age(gj) ∈ N>0, j = 1, . . . (p− 1). (5.5)
Let F = Pi be an isolated fixed point, then age(g
i) + age(g−i) = 3 and
thus {age(gi), age(g−i)} = {1, 2}. We recall that g−i = gp−i and thus the
set {gi}i=1,...p−1 coincides with the set {gi, g−i}i=1,...(p−1)/2. Thus for every
isolated fixed point P ∈ Fixg(Z) there exists exactly (p − 1)/2 elements in
〈g〉 such that their age near P is 1 and exactly (p−1)/2 elements in 〈g〉 such
that their age near P is 2. Similarly, if F = C is a fixed curve, every element
in 〈g〉 has age 1 near C. The statement follows from (5.3) and (5.4).
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In some particular cases (e.g., |g| = 2, 3), one can describe more directly
the desingularization of the quotient of Z/g. Indeed, the type of singulari-
ties of a quotient of a Calabi–Yau three-fold by an automorphism is a local
property and its desingularization depends only on the local action of g on
Z near the fixed locus.
If |g| = 2, the local action of g is given by the diagonal matrix diag(−1,−1, 1).
In this case it suffices to blow-up the fixed curve in Z, introducing a P1-
bundle over the fixed curve and obtaining the variety Z˜. The involution
g lifts to g˜ on Z˜ and a local computation shows that g˜ fixes the excep-
tional divisor over the fixed curve. Thus, the quotient Z˜/g˜ is a smooth
threefold, which is a desingularization of Z/g. Since the fixed curves are
disjoint, one can blow-up each of them independently. Let us denote by Ei,
i = 1, . . . k the exceptional divisors of the simultaneous blow-up of the fixed
curves; let β : Z˜ → Z be the blow-up, π : Z˜ → Z˜/g˜ be the quotient map.
The variety Z˜/g˜ is a Calabi–Yau variety: indeed, KZ˜ = β
∗(KZ) + E and
KZ˜ = π
∗KZ˜/g˜ + E, where E is the contribution given by the exceptional
divisors; thus π∗KZ˜/g˜ is trivial.
Remark 5.2. Since the construction of the desingularization of the quotient
Z/g depends only on the local action of g near the fixed locus and on the
fact that the canonical bundle of Z is trivial, one can deduce the same re-
sult observing that our construction is the same applied by [V2] to obtain a
desingularization of (S×E)/ιS×ιE where S is a K3 surface, E is an elliptic
curve (in fact the canonical bundle of S × E is trivial) and ιS × ιE is an
involution which fixes curves and near the fixed locus acts as diag(−1,−1, 1).
Similarly, if |g| = 3, one can construct the desingularization of Z/g by
blowing up Z and take the quotient of the blow-up by the automorphism
induced by g. By the computation of the Hodge numbers, it is clear that
we introduce one exceptional divisor for each point and 2 for each curve
in the fixed locus. Indeed it suffices to blow up Z once in the fixed points
and to blow up three times for every fixed curves. In the case of the fixed
curves one has to contract one of the exceptional curves in order to obtain a
minimal smooth Calabi–Yau three-fold, thus yielding two exceptional divisor
over a fixed curve. The explicit computation is shown in [Ro], where the
desingularization of a quotient of the 3-fold S ×Eξ3 is constructed, where S
is a K3 surface and Eξ3 is an elliptic curve, and the quotient is taken w.r.t
an order three group preserving the period.
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5.1.1 Quotients of X5λ by the Cyclic Groups Z/2Z, Z/3Z, Z/5Z
Here we compute the Hodge numbers of some quotients of X5λ applying the
results of the previous section. Thus we will apply Proposition 5.1 to the
case Z = X5λ and to certain automorphisms g ∈ A5 ⋊H4.
Let us consider the particular case g = (12)(34): so |g| = 2 and the fixed
locus of g on X5λ consists of a line, (s : −s : t : −t : 0), and of a plane smooth
quintic, 2x51 + 2x
5
3 + x
5
5 + 5λx
2
1x
2
3x5 = 0. Thus each desingularization of X
5
λ
which is a Calabi–Yau 3-fold has the following Hodge numbers
h0,0 = h3,0 = h0,3 = 1, h1,0 = h0,1 = h2,0 = h0,2 = 0, h1,1 = 3, h2,1 = 59.
Remark 5.3. The dimension of the eigenspace H2,1(X5λ)1 is 53. This can be
also deduced recalling that H2,1 parametrizes the deformations of X5λ, which
is a quintic in P4. Thus, it can be identified with the space of the monomials
of degree 5 in 5 variables modulo the projective transformations of P4. Hence,
the eigenspace relative to the eigenvalue 1 for the automorphisms (12)(34)
can be identified with the space of the monomials among the previous ones
which are invariant under (12)(34).
Similarly one computes the following Hodge numbers of a crepant reso-
lution X˜5λ/g of the quotient of X
5
λ by certain automorphisms g ∈ A5 ⋊H4.
Since X˜5λ/g is a Calabi–Yau threefold, the only numbers h
1,1 and h2,1 are
given (the others do not depend on g):
g |〈g〉| h1,1(X˜5λ/g) h2,1(X˜5λ/g)
g = (12)(34) 2 3 59
g = (123) 3 5 49
g = h(0,1,4,0,0) 5 5 49
g = h(0,1,1,3,0) 5 21 17
g = h(0,1,2,3,4) 5 1 21
g = (12345) 5 1 21
Remark 5.4. Since both h(0,1,2,3,4) and (12345) are automorphisms of order
5 fixing the period and fixed points free, the Hodge numbers of the smooth
three-folds X5λ/h(0,1,2,3,4) and X
5
λ/(12345) are clearly the same. In both these
cases the fundamental group is Z/5Z.
It is more surprising that the Hodge numbers of a crepant resolution of
X5λ/(123) coincides with the ones of a crepant resolution of X
5
λ/h(0,1,4,0,0). It
would be interesting to understand whether there is a deeper and geometric
reason for this phenomenon.
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5.2 Quotients by Subgroups of A5
In [St], quotients of the Fermat quintic three-fold F 53 ⊂ P4 are considered.
The automorphisms of A5 act both on F
5
3 = X
5
0 and on X
5
λ. Moreover, for
each automorphism in A5 the fixed locus of its action on F
3
5 and on X
5
λ
has the same number of fixed points, the same number of fixed curves and
the fixed curves have the same genus. Similarly for each automorphism in
A5, the diagonalizations of its action on F
5
3 and on X
5
λ are the same. Since
the Hodge numbers of a crepant resolution of the quotient of a Calabi–Yau
threefolds by a group G depend only on the properties of the fixed locus and
of the age of every automorphisms in G, by [St] we obtain that:
Group h11(X˜5λ/G) h
2,1(X˜5λ/G)
A5 5 15
A4 = 〈(12)(34), (123)〉 7 29
D5 = 〈(12)(35), (12345)〉 3 19
S3 = 〈(12)(45), (23)(45)〉 5 33
Z/5Z = 〈(12345)〉 1 21
(Z/2Z)2 = 〈(12)(34), (13)(24)〉 7 41
Z/3Z = 〈(123)〉 5 49
Z/2Z = 〈(12)(34)〉 3 59
The cases where G is cyclic were already considered in the previous section.
5.3 Quotients by Subgroups of H4
The quotient of X5λ by H4 = (Z/5Z)
3 is well known, and it is described
in Section 3.2.3. We recall that the automorphisms in H4 are of the form
h(a1,a2,a3,a4,a5) : (x1 : x2 : x3 : x4 : x5) → (ξa1x1 : ξa2x2 : ξa3x3 : ξa4x4 :
ξa5x5) and we can always assume ai = 0 for at least one i ∈ {1, 2, 3, 4, 5},
since h(a1,a2,a3,a4,a5) is an automorphism of a projective space. From the
point of view of the fixed locus, an automorphism of order 5 in (Z/5Z)3 is
of one of the following type:
i) the automorphism h(0,a2,a3,a4,a5) fixes a smooth plane curve of degree 5
(thus of genus 6) and is induced on X5λ by an automorphism with exactly
two values in {ai} i = 2, 3, 4, 5 which are not trivial mod 5;
ii) the automorphism h(0,a2,a3,a4,a5) fixes 10 points and is induced on X
5
λ by
an automorphism with exactly three values in {ai} i = 2, 3, 4, 5 which are
not trivial mod 5 (this implies that two of these three values are the equal);
iii) the automorphism h(0,a2,a3,a4,a5) is fixed points free and is induced on
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X5λ by an automorphism with ai 6≡ 0 mod 5 i = 2, 3, 4, 5.
We already computed the Hodge numbers of a crepant resolution, X˜5λ/g,
of the quotients of X5λ by cyclic subgroups of H4 in Section 5.1.1.
The subgroups (Z/5Z)2 ⊂ (Z/5Z)3 are of three different types with re-
spect to the set of points with a non trivial stabilizer:
i) the group G1 := 〈h(1,4,0,0,0), h(0,0,1,4,0)〉,
ii) the group G2 := 〈h(1,4,0,0,0), h(1,0,4,0,0)〉,
iii) and the group G3 := 〈h(1,1,0,0,3), h(1,3,1,0,0)〉.
All the other subgroups G ≃ (Z/5Z)2 are of these types, in the sense
that they contain the same numbers of elements with the same type of
fixed locus, and thus the crepant resolutions of the quotient X5λ/G have the
Hodge numbers of the crepant resolutions of one of the quotients X5λ/Gi for
i = 1, 2, 3.
Let us compute the Hodge numbers of a crepant resolution of X5λ/G1;
the other computations are very similar. The elements of the group G1 are
id, h(i,4i,0,0,0), h(0,0,i,4i,0), h(i,4i,i,4i,0), h(i,4i,2i,3i,0), h(i,4i,3i,2i,0), h(i,4i,4i,i,0)
for i = 1, 2, 3, 4. The 8 elements h(i,4i,0,0,0), h(0,0,i,4i,0), i = 1, 2, 3, 4 fix a
curve of genus 6 and their age near the fixed locus is 1. The 8 elements
h(i,4i,i,4i,0), h(i,4i,4i,i,0), i = 1, 2, 3, 4 fix 10 points and 4 of them have age 1
near the fixed locus, 4 have age 2. The 8 elements h(i,4i,2i,3i,0), h(i,4i,3i,2i,0)
act freely. Thus rk(H3(X5λ)
G
1 ) = 12, by (5.2).
In order to compute the orbifold cohomology of the quotient X5λ/G1,
we need to compute the quotients of Fixg(X
5
λ)/G1 for every g ∈ G1. For
example, let C be the curve fixed by h(1,4,0,0,0): the element h(0,0,1,4,0) is
an automorphism of C without fixed points, thus C/G1 ≃ C/h(0,0,1,4,0) is a
curve of genus 2. Similarly one proves that Fixh(0,0,i,4i,0)(X
5
λ)/G1 is a curve
of genus 2, Fixh(i,4i,i,4i,0)(Xλ)
5/G1 and Fixh(i,4i,4i,i,0)(X
5
λ)/G1 consist of 2
points. Thus one finds:
h2(X˜5λ/G1) = 1 + 8 + 4(2) = 17,
and h3(X˜5λ/G1) = 12 + 8(4) = 44. In particular,
h1,1(X˜5λ/G1) = 17, h
2,1(X˜5λ/G1) = 21.
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Similarly, one computes the other Hodge numbers and finds:
G1 = 〈h(1,4,0,0,0), h(0,0,1,4,0)〉 h1,1(X˜5λ/G1) = 17 h2,1(X˜5λ/G1) = 21
G2 = 〈h(1,4,0,0,0), h(1,0,0,4,0)〉 h1,1(X˜5λ/G2) = 49 h2,1(X˜5λ/G2) = 5
G3 = 〈h(1,1,0,0,3), h(1,3,1,0,0)〉 h1,1(X˜5λ/G3) = 21 h2,1(X˜5λ/G3) = 1
It is easy to show that there are no groups G ≃ (Z/5Z)2 such that
a crepant resolution of X5λ/G has Hodge numbers different from those of
X5λ/Gj for a certain j = 1, 2, 3. In fact, the generators of each (Z/5Z)
2
have order 5 in (Z/5Z)3 and there are only three types of such automor-
phisms, with respect to the fixed locus. One has to chose two automor-
phisms among them as generators of the group G. Let us choose h(1,4,0,0,0)
as the first generator: the second one could be of the same type, but
with 1 and 4 in a different position (this gives the groups G1 and G2)
or of type h(a,b,c,d,e) where (a, b, c, d, e) is a permutation of (1, 1, 0, 0, 3) or
of type h(a,b,c,d,e) {a, b, c, d, e} = {0, 1, 2, 3, 4}. We observe that the last
case gives the group G1, since in G1 there exists an element h(a,b,c,d,e)
with {a, b, c, d, e} = {0, 1, 2, 3, 4}. In case the second generator is of type
h(a,b,c,d,e), where (a, b, c, d, e) is a permutation of (1, 1, 0, 0, 3), a longer but
similar analysis shows that one obtains again either G1 or G2. Similarly,
one finds that the unique other possibility is the group G3, if the group
does not contain an element h(a,b,c,d,e), where (a, b, c, d, e) is a permutation
of (1, 4, 0, 0, 0).
Remark 5.5. The Hodge numbers of a crepant resolution of X5λ/G1 (resp.
X5λ/G2, X
5
λ/G3) are mirror of the ones of a crepant resolution of X
5
λ/h(0,1,1,3,0)
(resp. X5λ/h(0,1,4,0,0), X
5
λ/h(0,1,2,3,4)). This is an example of the correspon-
dence of [ChiR, Theorem 4] putting G := G1 and G
T := 〈h(0,1,1,3,0)〉 (cf.
[ChiR, Equation (6) and Theorem 4]).
Let X1 be the quotient (X
5
λ)/h(1,4,1,4,0) and h
1
(a,b,c,d,e) the automorphism in-
duced by h(a,b,c,d,e) on X1. There is a chain of degree 5 quotients X
5
λ →
X1 → X2 := X1/h1(1,4,0,0,0) → Y 5λ such that X2 ≃ X5λ/G1 and the crepant
resolutions of X5λ and Y
5
λ and of X1 and X2 are mirror.
5.4 Some Quotients by Subgroups of A5 ⋊H4
5.4.1 The group A5 ⋊H4
Let ϕ : A5 → Aut(H5) be the homomorphism which maps an element τ ∈ A5
to the automorphism ϕ(τ) of H5 such that ϕ(τ)(h) = τ
−1hτ in Aut(X5λ).
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An easy computation shows that ϕ(τ)(h) is the diagonal matrix in H5 which
is obtained from h by applying the permutation τ to the diagonal entries of
h. This allows one to compute the conjugacy classes of A5 ⋊H4. There are
25 conjugacy classes. A representative has the form (τ,D), where τ ∈ A5
and D is a diagonal matrix in H5. Below, we list the representatives with
non-trivial fixed locus:
id, ((12)(34), I), ((123), I),
(id, diag(1, 1, 1, α, α4)), (id, diag(1, 1, 1, α2 , α3)),
(id, diag(1, 1, α, α, α3)), (id, diag(1, 1, α2 , α2, α)),
((12)(34), diag(1, 1, 1, α, α4)), ((12)(34), diag(1, 1, 1, α2 , α3)),
((123), diag(1, 1, α, α, α3)), ((123), diag(1, 1, α2 , α2, α)),
((123), diag(1, α, α2 , α3, α4)), (id, diag(1, α2 , α, α3, α4)).
For each representative we must compute the fixed locus. For instance,
the fixed locus of ((12)(34), I) is a curve of genus 6 and a line contained in
X5λ. Near the fixed locus, we need to know the age of all representatives.
This follows directly from (5.5) and the codimension of the fixed locus. For
((12)(34), I) the age is 1. If we take into account the element ((123), I), the
fixed locus has three components, a curve of genus 6 and two points. The
age of ((123), I) near the curve is 1; near a point is 1 and near the other
fixed point is 2.
The centralizer of an element can be computed from the size of the
conjugacy class. For instance, the centralizer of s = ((12)(34), I) has order
20 and fits into the short exact sequence:
1→ Z/5Z→ Cs → Z/2Z⊕ Z/2Z→ 1.
By direct inspection, the quotient of the fixed locus of ((12)(34), I) by
Cs is the union of a rational curve and a genus two curve.
If we sum up all contributions according to the formula given by the
orbifold cohomology, we finally get
h1,1 = 15, h1,2 = 5.
This matches with previous results in [St], where the quotient is taken
in two steps. First, note that H4 is normal in A5 ⋊H4. The quotient of X5λ
is the singular variety Y 5λ , which is the mirror as a toric variety. Next, lift
the action of A5 to a crepant resolution of Y
5
λ , and take the quotient by the
lifting of all the automorphisms of A5. This yields a singular variety that has
a crepant resolution, which is actually a crepant resolution of X5λ/A5 ⋊H4.
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5.4.2 The Group G = Z/10Z
Let us consider the group Z/10Z ≃ G = 〈h(0,0,1,1,3), (12)(34)〉. We observe
that G is generated by the element
g10 : (x1 : x2 : x3 : x4 : x5) 7→ (x2 : x1 : ξ5x4 : ξ5x3 : ξ35x5).
The fixed locus of g10 consists the 2 points (1 : −1 : 0 : 0 : 0), (0 : 0 : 1 :
−1 : 0), the fixed locus of g210 consists of 10 points and the fixed locus of g510
consists of the plane curve C := V (2x51 + 2x
5
3 + x
5
5 − 5λx21x23x5) and of the
line (1 : −1 : s : −s : 0). As in proof of Proposition 5.1 we do not really
need to know the linearization of g10 near its fixed components, but only to
observe that age(gi10)+ age(g
−i
10 ) = 3 for i = 1, . . . 9, i 6= 5 and age(g510) = 1.
In order to compute the orbifold cohomology we observe that g10 generates
the centralizer both of g210 and of g
5
10. A direct computation shows that
C/g10 is a smooth curve of genus 2, Fixg210/g10 consists of 2 points.
We recall that g10 acts trivially on the generator of the Picard group, and
thus on H2(X5λ). By (5.2), p1,2 = 9 and thus, for any crepant resolution,
X˜5λ/g10, of the quotient X
5
λ/g10 we find:
h1,1(X˜5λ/g10) = 1 + 4 + 4 + 2 = 11, h
2,1(X˜5λ/g10) = 9 + 2 = 11.
5.4.3 The Group G = Z/15Z
Let us consider the group Z/15Z ≃ G = 〈h(0,0,0,1,4), (123)〉. We observe that
G is generated by the element g15 : (x1 : x2 : x3 : x4 : x5) 7→ (x2 : x3 : x1 :
ξ5x4 : ξ
4
5x5)
The fixed locus of g15 consists the 2 points P1 := (1 : ξ3 : ξ
2
3 : 0 : 0),
P2 := (1 : ξ
2
3 : ξ3 : 0 : 0), the fixed locus of g
3
15 consists of the curve of genus
6, C := V (x51 + x
5
2 + x
5
3) and Pi ∈ C, g515 consists of the curve of genus 6,
D := V (3x51 + x
5
4 + x
5
5 − 5λx31x4x5) and of the two isolated points Pi. In
order to compute the orbifold cohomology we observe that both C/g15 and
D/g15 are smooth curve of genus 2.
Thus, for any crepant resolution, X˜5λ/g15, of the quotient X
5
λ/g15 we find
h1,1(X˜5λ/g15) = 1 + 16 = 17, h
2,1(X˜5λ/g10) = 9 + 12 = 21.
5.4.4 The Group G = D5
Let us consider the dihedral group D5 ≃ G = 〈h(1,4,0,0,0), (12)(34)〉 of order
10. There are 4 conjugacy classes in D5, namely:
{id}, {h(1,4,0,0,0) , h4(1,4,0,0,0)}, {h2(1,4,0,0,0), h3(1,4,0,0,0)}, {(12)(34)hi(1,4,0,0,0)}i=1,...5.
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The fixed locus of hi1,4,0,0,0, i = 1, 2, 3, 4 consists of the curve of genus 6,
C := V (x53+x
5
4+x
5
5) and the fixed locus of (12)(34)h
j
(1,4,0,0,0) , j = 0, 1, 2, 3, 4
consists of the curve of genus 6, Dj := V (2x
5
1 + 2x
5
3 + x
5
5 + 5λξ
jx21x
2
3x5)
and the line lj := (t : −ξjt : s : −s : 0). The centralizer group of every
representative s of a conjugacy class in D5 is generated by s and thus its
action on Fixs(X
5
λ) is trivial. We obtain
h1,1(X˜5λ/G) = 1 + 4 = 5, h
2,1(X˜5λ/G) = 15 + 18 = 33.
5.4.5 The Group G = (Z/5Z)2
Let us consider the group (Z/5Z)2 ≃ G = 〈h(0,1,2,3,4), (12345)〉. Since both
h(0,1,2,3,4) and (12345) are fixed points free the quotient X
5
λ/G is smooth
and its Hodge numners are h1,1(X5λ/G) = 1, h
2,1(X5λ/G) = 5 and the fun-
damental group of X5λ is (Z/5Z)
2.
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